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ABSTRACT. We prove that every class-preserving endomorphism of the adjoint Chevalley
group and of its elementary subgroup over a commutative ring is inner for the types Al,
A2, and B2 when 2 is invertible, and for type G2 when 2 and 3 are invertible. Consequently,
all these groups are Sha-rigid.

1. INTRODUCTION

Every inner automorphism is class-preserving. In this paper we study the converse question:
when is every class-preserving endomorphism inner?

Recall that an endomorphism ¢ € End(G) of a group G is called locally inner (or
class-preserving, cf. [7]) if for every g € G the elements g and (g) are conjugate in G. The
goal of the present paper is to understand such endomorphisms for adjoint Chevalley groups
over commutative rings.

The problem is closely related to the local-global invariant introduced by Ono [5, 6]. Let
G act on itself by conjugation and consider the pointed set H'(G,G). Among its elements
one singles out those cohomology classes whose restrictions to every cyclic subgroup of G
are trivial; this subset is denoted by Sha(G) and is called the Shafarevich-Tate set of G. We
say that G is Sha-rigid if Sha(G) is a singleton.

A convenient way to phrase Sha-rigidity (going back to Mazur, see, e.g., [6, 7, 4]) is
in terms of class-preserving morphisms. Let End.(G) (resp. Aut.(G)) denote the set of
endomorphisms (resp. automorphisms) ¢ such that ¢(g) is conjugate to g for all g € G.
Then Sha(G) is trivial if and only if every class-preserving endomorphism is inner, i.e.

End.(G) = Inn(G),
a property often referred to as Property E, see, e.g., [4]. Clearly Inn(G) C Aut.(G) C
End.(G).
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Let @ be a reduced irreducible root system and R a commutative ring. We write
Gad(®, R) for the adjoint Chevalley group and E,q(®, R) for its elementary subgroup. For
the types A1, As, By we assume throughout that 2 € R*, while for the type Gy we assume
in addition that 3 € R*. The main result of this paper concerns the four low-rank types Ay,
As, Bo, Go, for which we give separate direct proofs over arbitrary commutative rings. In
particular, the argument below is not obtained by reducing to the higher-rank local-ring
case.

Theorem 1.1. Let R be a commutative ring.

(1) Assume that 2 € R* and let ® € {A1, Aa,Ba}. Then every locally inner endomorphism
of Eaq(®, R) is inner. Moreover, any locally inner endomorphism of G,q(®, R) is inner for
¢ € {Ay,Ba}, and for ® = Ay under the additional assumption that E,q(A1, R) is normal
m Gad(Ala R)

(2) Assume that 2,3 € R*. Then every locally inner endomorphism of E.q(Ga, R) is inner,
and every locally inner endomorphism of Gaq(Ge, R) is inner.

In particular, all groups listed above are Sha-rigid.

A remark on earlier work. For local rings and rank(®) > 1, Sha-rigidity of the elementary
subgroup (under mild small-denominator assumptions) was claimed in [3]. We would like to
point out that the proof given there contains a gap: since a locally inner endomorphism is
automatically injective, the argument effectively requires a structural description of injective
endomorphisms of Chevalley groups over local rings, whereas the available input concerns
automorphisms. At present, the needed description of injective endomorphisms in the
required generality has not been established, so the cited proof uses an ingredient that is
not yet justified. We expect that the higher-rank statement over local rings can nevertheless
be recovered by the same general strategy, provided one additionally verifies that each step
remains valid for injective endomorphisms. This issue, however, is separate from the proofs
given in the present paper.

Independence of the present proof. The proofs below for the low-rank types A1, Ao,
By, and Gg are independent of the argument in [3]. Even in the local-ring case, our proof is
different and self-contained. It does mot use a classification theorem for automorphisms, nor
any structural description of injective endomorphisms of Chevalley groups over local rings.
Thus the gap mentioned above does not affect the validity of the results proved here.

What is new here. In the present paper we prove Sha-rigidity for the low-rank types Aj,
Ay, By over arbitrary commutative rings with 2 € R* and for G over arbitrary commutative
rings with 2,3 € R* by a direct analysis of locally inner endomorphisms. In particular, for
these four root systems the argument is self-contained. We also expect that the approach
developed here extends to all reduced irreducible root systems over commutative rings,
although in several parts of the proof one will inevitably need to treat different root systems
separately.

Organization. Section 2 fixes notation and recalls standard facts on Chevalley groups over
commutative and local rings. Sections 3-6 treat the types A1, Ao, Bo, and Go, respectively.
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2. CHEVALLEY GROUPS OVER COMMUTATIVE RINGS

We fix a reduced irreducible root system ® and a commutative ring R with 1. For any
lattice P with Q(®) C P C P(®) we denote by Gp(®, R) the Chevalley group of type (P, P)
over R (the group of R-points of the corresponding split Chevalley—Demazure group scheme).
The extreme cases P = Q(P) and P = P(®) give the adjoint and simply connected forms,
denoted Goq(®, R) and Gs.(P, R), respectively. Unless explicitly stated otherwise, we work
with the adjoint form G,q(®, R) (and with its elementary subgroup), cf. [8, 9].

Root subgroups and the elementary subgroup. Fix a split maximal torus T' < G =
Gp(®, R) and identify ® with ®(G,T). This determines the root subgroups X, < G (a € ®)
and parametrizations x,: R — Xa, t = x4(t), satisfying the Chevalley commutator formula
(with integral structure constants), see [8, 9]:

za(t), 25(w)] = [] @iatis(Nagijt'u), (a+B#0). (2.1)
4,7>0
The elementary subgroup is
E(®,R) = (z4(t) | €« €®, t€R).
When we need to emphasize the isogeny type, we write E.q(®, R) and Ey. (P, R).
Standard subgroups. Choose a system of positive roots ®* with simple roots A. Put
U=U(®,R) = (x4(t) |a € T, t € R), V=V(®,R)=(zx_o(t)|ac®", tcR).
Fort € R* and o € ® set
wa(t) = za(t)z—a(—t""za(t), ha(t) = wa(twa (1),
and let H = H(®,R) = (ha(t) | o € &, t € R*). Then H =TNE, and Ng(H)/H is
canonically isomorphic to the Weyl group W (®), see, e.g., [9, 8].

Bruhat and Gauss decompositions. If R is a field, every g € G(®, R) admits the Bruhat
decomposition

g=tuw, teT, weW(®), u,u €U, (2.2)
and t € H whenever g € E, see, e.g., [8, 9]. If R is a (not necessarily field) local ring, we
will use the Gauss decomposition

g =tujvug (teT, uj,upelU, veV), (2.3)

and for g € F one has t € H, see, e.g., [1]. We will only need existence of such factorizations
(and the standard uniqueness of the ordered factorization inside U and inside V' once an
order on @7 is fixed).

Rank-one calculus. For any root a the subgroup (X,,X_,) is a rank-one Chevalley
subgroup. In particular, whenever 1+ uv € R* one has the standard identity

xa(u)xa(v)::pa<v> ha(l—l—uv):xa< hl > (2.4)

1+ wv 14+ uv

see, e.g., [9]. Over a local ring (R, m) this applies in particular to u € m, since 1 + m C R*.

Localization and reduction to local rings. For a prime ideal p C R write R, = (R\p) ' R.
If m is maximal, then R, is a local ring with maximal ideal Rad Ry,, and we denote the
residue field by k(m) = R/ Rad Ry.
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Proposition 2.1. Every commutative ring R with 1 embeds into the product of its localiza-
tions at maximal ideals

meMaxSpec(R)
via the diagonal map a — (%)m, see, e.g., [2].
By functoriality, this yields embeddings G(®,R) < [[,, G(®, Rm) (and similarly for

E(®,R)). We will repeatedly reduce arguments to the local rings Ry, and further to the
residue fields k(m).

Normality of the elementary subgroup (rank > 2). If ® has rank > 2, then E(®, R) <
G(®, R) for all commutative rings R (Suslin—Kopeiko—-Taddei, see [13]). For rank 1 (type
A1) normality may fail in general.

A trace identity (types Ay and Bj). Let Ad: Guq(®, R) — GL(ggr) be the adjoint
representation. For a long root « the trace tr(Ad(z(t)z_q(s))) is a polynomial in s, ¢ with
integer coefficients. In particular, for the two rank-2 types used in Sections 4 and 5 we have:
{3%2 —6st+8, ®=A,,

(70 (t)r—a(s)) = %t — 6st +-10, @ =By

(s,t € R), (2.5)

where the trace is taken in the adjoint representation.

3. Sha-RIGIDITY OF THE ADJOINT CHEVALLEY GROUPS OF TYPE A;
Throughout this section R is a commutative ring with 1/2 € R, and
E(A1) = E.a(A1, R)

denotes the adjoint elementary Chevalley group of type A; in the standard 3 x 3 realization.
It is generated by the root unipotents

1 2 2t 1 0 0
ro(t)=(0 1 0], Too(t)= [t 1 2t (t € R).
0 t 1 t 0 1

Rank-one relations (used implicitly). We will use the standard relations in type Aj:

(1) 240 (t)T1a(s) = T4a(t + 5), hence 144 (1)1 = 240 (—1);
(2) for u € R*,

P (1) Za () ha(u) ™! = 24 (u?t), ha () _o(t)ha(u) ™ = 2_q(u™2t);

(3) the standard rank-one factorization

a:a(t)a:_a(s)—x_a( )ha(l—i—ts)xa( ! ) (1+1ts € RY).

1+4+ts

s
1+1ts
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Set-up and normalization. Let p: E(A;) — E(A1) be a locally inner endomorphism, i.e.
©(g) is conjugate to g for every g € E(A1). Composing ¢ with a suitable inner automorphism
iy (conjugation by y € E(Ay)), we may assume

(P(xa(l)) = xa<1)‘ (31)
Then automatically ¢(z4(—1)) = ¢(24(1)7!) = 2o (—1).

Remark 3.1 (Trace invariance). Since ¢(g) is conjugate to g for every g € E(A1), we will
freely use tr(¢(X)) = tr(X) for all X € E(A;).

Step 1: Trace constraints for ¢(z_,(s)). Write

a b c
oxz_a(s)=1d e f], a+e+i=tr(p(z_q(s))) =tr(z_a(s)) = 3.
g h i

A direct multiplication shows that for all s,t € R,
tr(z_a(s)za(t)) = s*t* + 4st + 3. (3.2)
Now evaluate at ¢ = £1. Using (3.1) (and hence ¢(x4(£1)) = z4(£1)) we get
tr(p(@_a(s)za(£1))) = tr(p(z—a(s)) za(£l)) = (a+e+1i) + d £ (f + 29).
Comparing with (3.2) for t = £1 yields the system
d+ (f +29) = s* + 4s, d—(f +29) = s> — 4s,

hence
d=s? f+2g=4s. (3.3)

Step 2: The centralizer of z,(1).

Lemma 3.2. The centralizer of x,(1) in M3(R) consists precisely of the matrices

a b 2h
X=10 a O (a,b,h € R).
0 h a

Proof. Let X = (z;5) € M3(R) commute with z,(1). Writing out Xz, (1) = z4(1)X and
comparing entries gives consecutively xa; = xo3 = 0, then x3; = 0, then x99 = x17 = 33,
and finally x13 = 2x32. Renaming a = x11, b = x19, h = x39 yields the claimed form. ]

Since x4 (t) commutes with z,(1), the element (x4 (t)) commutes with p(z4(1)) = z4(1).
Hence by Lemma 3.2,

[\

g

p(za(t)) = 0], Ba=tr(e(zalt)) = tr(za(t)) = 3. (3-4)

o oR
=2 Q0™
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Step 3: Determining 3(t) and 7(t). Apply trace invariance to x_q(£1)z4(t):

tr(p(@—a(E1)za(t))) = tr(p(z—a(£1)) p(za(t)))-
By (3.3) for s = £1, the matrix ¢(x_,(£1)) satisfies d = 1 and f + 2g = +4, so multiplying
with (3.4) and taking trace gives

tr(p(z_a(£1)) p(za(t)) =3+ B+t4y =3+ B+ 4y.
On the other hand, (3.2) gives tr(z_q(+1)x4(t)) = t? & 4t + 3. Therefore,
B =t v =t. (3.5)

Step 4: Normalizing ¢(z_,(1)) by conjugation. Write (using (3.3) with s = 1)

a b c
olx_o(l)=11 e 4—-2g]|, a+e+i=3.
g h i

Conjugating ¢ by an element z,(1) does not change ¢(z4(t)) (because all matrices in
Lemma 3.2 commute with z4(p)). More precisely, replacing ¢ by i, (,)-1 © ¢ sends the
(3,1)-entry g to g — . Choosing i = g — 1 we achieve g = 1, and then (3.3) forces f = 2.
Thus we may assume

b
e , a+e+i=3. (3.6)
h

S O

Step 5: A quadratic relation and its consequences. Use the standard rank-one
identity

(ta(~1) 7_o(1) za(~1)) = 1. (3.7)
Applying ¢ to (3.7) and using (3.1), (3.6), we obtain

1= (za(~1) ple—a(1) za(-1))

Computing the conjugate z4(—1) p(z_a(1)) zo(—1) explicitly and then squaring, the (2,1)-
entry gives a+e = 2, hence i = 1 (since a+e+i = 3). Next, the (3,1)-entry yields a = 1 —h,
so e = 1 4+ h. Substituting back and comparing the remaining entries gives
c=—2h, b= —h2,
and therefore
1—h —h? =2h
o(r_a(l)) = 1 1+h 2 |. (3.8)
1 h 1
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Step 6: A conjugacy reduction and an obstruction. Note the factorization

1 -h O 1 h O
ox_a(l))=10 1 0]z_o(1){0 1 0
0 0 1 0 0 1
1 h O
Set P=10 1 0. Then p(x_q(—1)) = P lz_o(—1)P in GL3(R). Since ¢(r_(—1)) is
0 01
conjugate to z_o(—1) inside E(A1), there exists A € F(A;) such that A~ lz_,(-1)A =
©(z_o(—1)). Hence C := AP~ centralizes x_,(—1), and we can write

A=CP, Cr_o(—1) =2_o(—1)C.

Arguing as in Lemma 3.2, one checks that the centralizer of z_,(—1) in M3(R) consists of
matrices of the form

a 0 O 1 00
C=|b a 2c|=ald 1 0]z_un(c/a) (a € R").
c 0 a 0 01
Therefore, up to the factor z_,(c/a) € E(A;), we arrive at
1 h O\ /100 a(1+hd) ah 0
B:=a|0 1 0| [d 1 0] = ad a 0| € E(A;) or G(Ay).
0 01 0 01 0 0 a

is impossible for h,d # 0 and a # 1.

Proof. Embed R into the product of its localizations S = [[,, Rw. It suffices to show that
for each maximal ideal m, the image By € G(A1, Ry) forces hy = dy = 0 and ay = 1.

Fix m and write Ry, as a local ring. Using the Gauss decomposition G = TUVU for
A, we may write

t 0 0
Buo= (0 t71 0] 24(0) 2_a(B8) za(?)
0 0 1

with ¢ € R}, and «, 8,7 € Ry. Multiplying these factors explicitly gives (compare the (3,1)
and (2, 3) entries)
Blap+1) =0, B(By+1)=0.

If p € Ry, then af +1 = v+ 1 =0, and the resulting matrix has a zero on the diagonal
positions (2,2) and (1, 1), which is incompatible with the block form of By. Hence § is
not a unit, i.e. § € mRy. But then af € mRy, so af +1 €1+ mR, C R}, and similarly
By + 1 € Ry,. Therefore the above equalities force 5 = 0.

With 8 = 0 we have x_,(8) = 1, hence By, € TU, and in particular the (2, 1)-entry
must vanish. Thus ad = 0 in Ry, and since a € R* in the group, we get d = 0. Then also
By, becomes upper triangular, forcing h = 0, and finally comparing the (3, 3)-entry gives

a=1. []
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By Lemma 3.3, the only possibility in (3.8) is A = 0, hence
p(r-a(l)) = z-a(l).

Step 7: Forcing the diagonal parameter oo = 1. From (3.4) and (3.5) we know that

a t? 2t
o(za(t) =10 o 0] € E(A) (t € R),
0 t «
with 3a = 3. We claim that necessarily o = 1. Indeed, consider the general matrix
a b 2b
X=10 a 0] €GA,R).
0 b a

Localizing at R, and repeating the Gauss-decomposition argument as in Lemma 3.3,
comparison of the (2, 1)-entry forces the negative-root parameter 5 =0, so X € TU, hence
its (2,2)- and (3, 3)-entries must be 1. Therefore @ = 1. Applying this to X = ¢(z4(t))
yields a = 1.

Finalization of the A; case. We have shown that for all ¢t € R,
P(@a(t)) = zal(t), P(r—a(t)) = z-al(t).
Since E(A;) is generated by these elements, the normalized endomorphism is the identity:
p=1id on E(Aj).

Undoing the normalization (3.1) shows that the original locally inner endomorphism is
inner.

Theorem 3.4. Let R be a commutative ring with 1/2 € R. Then any locally inner
endomorphism of E.q(A1, R) is inner. Equivalently, F,q(A1, R) has Property E, hence is
Sha-rigid.

Remark 3.5. For the full adjoint Chevalley group G.q(A1, R) the same conclusion follows
whenever Foq(A1, R) 9 Gaqa(A1, R).

Proof. Let ¢ : Guq4 — Gaq be locally inner. Restricting to E,q and using Theorem 3.4, we
may assume ¢|g,, =id. For g € Goq and z € E,q we have grg~ ' € E,q, hence

grg~' = o(grg™") = p(g)ze(g) "
Thus g~ 1(g) centralizes E,q. Since the centralizer of E,q in G.,q is trivial, we get g 1 (g) =
1, hence ¢(g) = g for all g, i.e. ¢ =1d. L]

Theorem 1.1 is proved for the case Aj.
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4. Sha-RIGIDITY OF THE ADJOINT CHEVALLEY GROUPS OF TYPE A,

4.1. Basic notation and standard relations in type As. Let ® = Ay with simple roots
a1,z and v = a1 + az. We use the standard realization of G,q(A2, R) = PGL3(R) coming
from SLg3:
Loy (t) =1+4+1tFE12, g, (t) =1 + tFE»s, :Cv(t) =1+ tF3,
T_q (t) =1+tEy, T_q, (t) =1+ tE3, $_7(t) =1+tFE3;.
For u € R™ set
ha, (u) = diag(u, u 1), ha,(u) = diag(1, u, u~t),

and define wq, (u) = Ta, (U)T_a, (—u™1) 240, ().
We will use the following relations (all other commutators between root subgroups in
type Ay are trivial since r + s ¢ ®):

xp(t) 2 (8) = 20 (t + 8) (re®),
[ar (1), Ty ()] = 24(ts),
Tan (V) Tay (U) = Ta, (W) Tay (v) T4 (—wv),
[ay (1), 2(5)] = ﬂf—az( ts),  [Tax (), (s)] = -0, (ts),
[25(8), 201 ()] = Tan (=ts),  [25(1), Tz (5)] = Zay (L5).
Moreover we, (1)? = hq,(—1) for i =1,2.

4.2. The special element X, and its centralizer. Let X = x4, (1) za,(1) and assume
that ¢(Xo) = Xy for our initial .

We determine the centralizer of X in Gaq(A2, R) (equivalently, in E,q(A2, R)). If ¢
commutes with X, then for every maximal ideal J C R its localization g; commutes with
(X0)s. Hence it suffices to find the centralizer in a local ring R j; reducing further modulo J,
the image § commutes with X over the residue field k.

Field step. Over a field we may write

g = tl(al)tQ(QQ) Loy (bl)xOéQ (bZ)xa1+a2 (b3) W Zoy (Cl)xOéQ (62)$a1+042 (63)’
and require
?xal(l)xaz(l)gil = Zay (1)Tay (1)
Then
xal(l)xom(l) =
= g/ Loy (Cl)xaz (02)$a1+a2 (63) Tay (1)xa2(1) (xal (Cl)$a2 (C )l'al-i-ag (Cg))il (g/) !
= g/ xoq(l)maz(l) Lag+as (d) (g/)_l = g” Wxa1(1)maz(1) 1'0414-&2( )W (g”) !
= g// xw(al)(wa(az)(l) Lw(a+az) (d) ( )
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The left-hand side contains only positive root factors, so necessarily w = e (otherwise a
negative root would appear). Next,
xw(al)(wa(ag)(l)xw(al—&-az)(d) =
= g" t1(a1) M ta(a2) " way (D)2a, (1) tr(a1)ta(az) (¢")
= §" o, (a7 Haay (a3 1) (¢") 7!
= Loy (_bl)xaz(_b2)$01+a2(_b3) Loy (a;l){L‘QQ (a51)$a1 (bl):EOéQ (b2)$a1+0¢2 (b3)
=Ty (al_l)xaz (a2_1) Tai+ag (d/>'
Thus a1 = as = 1, hence t| = t2 = 1, and
g = Tey (bl) Lag (b2) Loy +ag (b3)
Finally,
Tay (bl)on (bQ) Tay (1)l‘a2(1) Lay (*bl)maz (*bQ) = Ty (1)‘17042(1) Taj+as (bl - b2)’
so by = bo, while bs is arbitrary.

Local step. Let R be local with maximal ideal J and residue field £k = R/.J. If g commutes
with Xo in Gaq(A2, R), then § commutes with X in G,q(Aa2, k) and hence

g =Ta, (b) Lay (b) Laj+as (b3)
Therefore g admits the short Gauss factorization
9= T—a (U1) Tay(U2) T—ay—ay (U3) t1(r1)t2(r2) Ta,y (51) Tay (52) Tay+as (53),

with u; € J, r; =1 (mod J), and s = s2 (mod J). From gXog~! = Xy we compute

xal(l)xaz(l) =
—1, e
= ¢ %0, (51)Tas (52)Ta1 +02 (53) Tay (1)Tay (1) (xa1(31)xa2(32)33a1+a2 (53)) (9" '=
=g Tay (1)ZTay(1) Tay+as (d) (9 )
DZay(1) Tay+as (d) t1(ry 1)t2( 2 ("
Tl) Loy (7“2) Loy +az (d/) (g”) !
L—ar—az (U3) Lay (T1)$a2 (T2)xa1+a2 (d/) X
X ZT—ay (_ul)x—az (_u2)x—a1—a2 (—U3).
Since 11,79 € R*, the right-hand side would contain negative root factors whenever ug # 0,
while the left-hand side does not; hence uz = 0. Moreover, commuting x_,(u;) past zq,(r;)
(rank-one relation) produces a nontrivial torus factor hq, (- - -) whenever u; # 0, which cannot
be absorbed because r; are units and no torus appears on the left; therefore u; = ug = 0.
Thus
g = 11(r1)t2(r2) Ta, (51)Tay (52)Tay +as (53)-
Finally, gXog~! = Xp forces t; = to = 1 (a nontrivial torus rescales x,,(1)), and the
field-step computation above gives s; = so. Hence for some a,b € R,

g ="Ta (CL) Loy (a) Lo +a (b)
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Global step. For general R, g centralizes Xg if and only if each localization g; centralizes
(Xo) for all maximal J. By the local description,

97 = Tay (@7)Taz(@))Zay +as (b))
By patching, there exist a,b € R with these local images. The converse inclusion is immediate
from the displayed computations.

Proposition 4.1.
CGad(Ag,R) (XO) = { Loy (a) Loy (a) Loy +as (b) ) a, beR }

4.3. Image of Za,4a,(1). Let X192 := ¢(Za,4as(1)). Since ¢ is locally inner, Xjo is
conjugate in the Chevalley group to z4,+a,(1). Moreover, by Proposition 4.1, X159 commutes
with X, hence

X12 = %a,(a) Ty (@) Taytay (D) for some a,b € R,

n

and for every maximal ideal J C R its localization (Xi2)s is conjugate to (:ca1+a2(1))J

Gada(A2, Ry).

Field step. Fix J and pass to the residue field k; = R;/Rad R;. Since T4, +a,(1) commutes
with all positive root unipotents, we may assume the conjugating element over k; has the
form

g = ti(a1) t2(a2) Tay (b1) Tay (b2) Tay4as (b3) W,
so that
(xoq (bl)xaz (bQ)xal-‘raz (b3))_1 Loy (al_la) Loy (a2_1a) Lo+az (a1_1a2_1b) X
X Ty (bl)thQ (bQ)qu-l—OtQ (b3) = xw(a1+o¢2)(1>'
Pushing 24, (b1) and z,,(b2) through gives
Toy (a710) Tan(0570) Tay +0 (—b2af1a —biay'a+ajtay'b) = Tuy(ayaz)(1)-
If a # 0 in kj, then the left-hand side contains nontrivial z,, and z,, factors, which is

impossible for a single root element on the right. Hence a = 0 (mod J) for every J, i.e.
a € Rad(R). Then we see w(a + ag) = a1 + a2, which necessarily implies w = e.

Local step. Fix a maximal ideal J and work over the local ring R;. As above, we may
take the conjugating element in the form

9 =T _0,(C1) T_0,(C2) Tgy—ay(€3) t1(r1) ta(r2), ¢; € Rad(Ry), i € Rj.
Conjugating T, +a,(7172) bY T_a,—a,(c3) produces the torus factor hg,t+a, (1 + ¢3); since
Loy (a) Lay (a) Lay+as (b)
has no torus part, we must have ¢ = 0. Hence
Loy (a)xa2 (a)l‘a1+a2 (b) =Ty (Cl) L—ay (02) Lay+oag (T1T2) L—ay (_62) L—ay (_Cl) =
= T_a,(C1) Tay+as (T172) Tay (Ee2r172) B0y (—C1) =

= Toytas(T172) Tay (£C17172) hay (1 £ c10o7m172) Ty (FC2T172) To00y (-2 ).
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Since the left-hand side lies in the positive unipotent group U (no torus, no negative root
factors), we must have

hay (Lt cieorire) =1 = c1e0 =0,
and the negative factor z_,, (...) must vanish in the product, which forces
c1 = Feca, c% = 0.
Comparing the remaining positive factors with zq, (a) za, (@) Ta,+a,(b) yields
b=riry € R}, a = Fco 79,
and therefore a? = (c3) (r172)? = 0 in Ry.
Global step. We have shown for every localization Ry that b maps to a unit and a? maps
to 0. Hence b € R* and a® = 0 in R. Summarizing:
Proposition 4.2. Let X12 = ¢(%a;4as(1)). Then

X19 = 20, (@) Ty (0) Tay 10, (b)  with a®> =0 and b€ R*.

4.4. The image of z,,(1). Let X; := ¢(zq,(1)). Then X; commutes with X;2 in all
localizations and, hence, after reduction to every residue field. Recall from Subsection 4.3
that

X19 = %o, (@) Tay(a) Taytay (D), a®>=0, be R,

and in particular @ = 0 in each residue field.
Field step. Let k be a residue field of R. We already know that in this case a = 0, so
X192 :xa1+062(b)7 be k™.
Since X; commutes with X9, it normalizes the one-parameter subgroup {za,ta,(t) | t € k}.
Write the Bruhat decomposition of X7:
X1 = t1(a1)t2(az) Ta, (b1) Tay (b2) Tay+as (b3) W Zay (€1) Tay (€2) Tay+az (€3),
where w is an element of the Weyl group of type As.
Conjugating X12 = Ta,+a,(b) by this element gives

X1 Zaytay(b) Xl_l = t1(a1)t2(az2) Ta, (b1) Tay (b2) Tay+a2(b3) W Zay +a, (D) wlx

-1 _ _
X (ay (01)Tay (52)Tar+as (b3)) 1 (a1) " Ha(az) ™"
Since conjugation by t;(a;) acts by the root weights,
1 (al)t2(a2) Lay+oan (b) tl(al)_ltZ(GQ)—l = Tai+oas (aflaglb)v

and conjugation by w sends Za, +a, () t0 Tyy(a 4-a2) (). Thus the condition X124, +as, L)Xt =
Tay+ay (D) implies

-1, -1

xal—l-az(al ay b) = xw(m—i—ag)(b)-

Now, if w # e, then w(a; + a2) is a negative root, while the left side is a positive root
element, which is impossible. Hence w = e. With w = e, both sides correspond to the
same positive root, and equality of one-parameter subgroups gives al_la; 1 1,i.e. ajas = 1.
Therefore in the field case w = ¢, ajas = 1.



Vol. 18:2 SHA-RIGIDITY OF LOW-RANK ADJOINT CHEVALLEY GROUPS 1:13

Local step. Fix a maximal ideal J C R and work over the local ring R ;. Write
X1 =t1(r1)t2(r2) Ta, (51) Tay (52) Tay 02 (53) Ty (U1) Ty (U2) -0y —ay (u3),
with u; € Rad R;. We also keep the form
X12 = T, () Tay (@) Tay+as (D), a>=0, beR*.

If usg # 0, conjugating o, +a, (b) by T_ay —a, (u3) produces a nontrivial torus factor hg,+a, (14
uz - (--+)) which cannot be absorbed; since b is a unit and no such torus appears on the
other side, we must have ug = 0.

The commutativity X10X7 = X1X19 gives, after cancelling the common outer torus
t1(r1)ta(r2) and the positive unipotent block of X7,

Lay (7’1@) Loy (TQa) Lo +an (Tlr?b) L—ay (ul) L—ay (u2)
= Ty (ul) L—ay (u2) Lay (a) Lay (a) Lai+oas (b)

Moving z_,,(u;) through z,,(a) (rank-one identity) creates the torus factor hq, (1 + aw;).
There is no torus factor on the left, hence

auy = aug = 0. (*)
Reorder the right-hand side through x, 14, (b) using the Chevalley relations; one gets
Tay (110) Tay (T20) Tay 40y (T1720) = o, (@ £ u2b) o, (@ £ u1b) oy +ay (D).
Comparing the a1- and ag-coordinates gives
ria = a  usb, roa = a & u1b.
Since b € R*, this shows that
ug = +(ry — 1) b la, up = +(rg — 1) b~ la,

i.e.

ul = av, ug =ayy  for some 1,72 € R;. (1)
With (1), any correction to the ay + as-coordinate coming from commuting x_, (u;) past
Zq,(a) is proportional to a® and hence vanishes. Therefore comparing the a;q + ap-coordinate
gives

rirob=0b = riro=1.

Set r := r; € 1+ J and write t1(r)t2(r~1) for the outer torus. Using () we obtain the
normalized local expression

X1 = t1(r) ta(r™") Ta, (51) Tay (52) Tay+as (53) Toay (a71) Ty (a2),
with a? = 0 and b € R* as above.
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4.5. Second constraint from the relation z,,(1)Xo = za,+a,(1) Xo Za, (1). Applying ¢
to this identity gives
X1 Xo = X120 X0 X1
Recall that in a localization R; we have
X12 = Tay (a) Loy (a) Tag+as (b)v CL2 = 0, be ij
and
X1 =11 (r) ta(r™") a, (51) Zas (52) Tartas (53) T—ar (am) Tay (a72).
In the special case u? = 0 one has
To(t) a(1) = ha(l —u) 2o (1 +u) 2_o(u). (4.1)
Applying (4.1) to z_q,(a7vi) xa,(1) moves the negative root factors to the far right. Hence,
for comparing the T- and U™-parts in the identity X1 Xy = X12X0 X1, we may ignore the
common rightmost block and work with
X1 = t1(r) ta(r™") Ty (51) Tay (52) Ty tas (53).
Conjugating X past the torus gives
Xot1(r) ta(r ) = t1(r) to(r ) @, (1) Tay (1).
Multiplying X1 Xo = X12X0X; on the left by ¢ (r)~'ta(r) we obtain an equality entirely
inside the positive unipotent subgroup:
Loy (51) xoéz(SQ) Lo +as (83) Loy (1) on(l) =

= Tay (a) Lay (a) Lai+oas (b) Loy (T_l) Loy (T) Loy (31) Loy (52) Loy +as (53)' (4'2)

Using the standard order «aq, ao, @1 + a9 and the relation
Tay (V) Tay (U) = Tay (W) Tay (V) Tag+as (—uv),
the a;- and ag-parameters in (4.2) are
$s1+1, s9+1 on theleft, and 7 '+ sy, r+ sy on the right.

Hence » = 1. For r = 1 the only contribution to the a; + as-coordinate comes from
commuting Z,,(S2) past x4, (1). Comparing these parameters yields

b= s1 — 52,
which is a unit in Ry since b € R}. Conjugating X by zq, (1)®a, (1) affects only the
a1 + ag-coordinate:
Loy (M)zaz (:u) Loy (Sl)xQQ (SQ)quJraz (‘93) Lay (_M)xal (_:u) =
= Ty (Sl)xaz (82)37&1+a2 (33 + (32 - 31)/1«)-

Since b = s1— sy is invertible, choosing p1 = s3/b eliminates the aj +ag-component. Renaming
s:= s (so s; = b+ s) gives the local normal form

X1 = 2o, (b+ 8) Tay(s), be R}.
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4.6. Field conjugacy constraints for X; and X». Let J C R be a maximal ideal. Work
in the localization R; with residue field k; := R;/Rad R;, and denote reduction modulo
Rad R; by a bar. From the previous subsection we have the local normal form

X1 = o, (b+ 5) Tay(s), be R}, s€Ry. (4.3)
Since X¢ = 2, (1)Zay (1), in the standard As realization one checks
X0_1$a1(1> = Za,(—1),
hence
X5t = (0 (—1)) = X X1 = 20, (b + 5 — 1) Ty (5 — 1) Tay 1 (1 — b — 5). (4.4)
(Equivalently, in U one has
Xo =T, (1 =b—5)Tay(1 — 5) Taytas (s(s + b — 1)), (4.5)
obtained by inverting (4.4) inside the group U.)

A field criterion. Over the field k; we identify Goq(Az, ky) ~ PGL3(k) using the standard
root subgroups. In this model, a root element satisfies
(g—D1)?=0 and g#1I.
Since ¢ preserves conjugacy classes, the same nilpotency condition must hold for X and
Xo. Write a general element of U(ky) in the ordered form
U= Toy (ul) Loy (UQ) Taj+as (U3)
A direct matrix multiplication gives
u=1+u F1a +usFs3 + (U3 + U1UQ)E13, hence (’LL — I)2 = (U1UQ)E13.
Therefore
(u—1)*=0 < uug =0. (4.6)
From (4.3) we have o ~
X1 = %0y (b+3) x0,(3).
Applying (4.6) yields ~
s(b+3)=0.
Since b # 0 in kj, there are only two possibilities:
either s =0, or b+35=0.
From (4.4),

Xy ' =20, (045 = 1) 20y (5— 1) Zayran (1 — b —3).
Applying (4.6) again gives
b+35—-1)(5—1)=0.
Combining with the two alternatives above, we obtain exactly two mutually exclusive
reductions:
Case I: 5 = 0 forces b = 1. Equivalently,

s € Rad Ry, b=1 (mod J).

Case II: b+ 35 = 0 forces 5 = 1 and hence b = —1. Equivalently,
s=1 (mod J), =—-1 (mod J).
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Over kj this means
Yl:xaz(l)a E:xal(l) xal““m(_l)'

4.7. The images of diagonal involutions. The involution hq, (—1) commutes with z4, (1)
and inverts x,,(1). The involution h,,(—1) commutes with z,(1) and inverts x,(1). They
commute, and their product hg,ta,(—1) commutes with z4,+a,(1), inverts z,, (1) and
Zay (1), and
X2t = g (D @ay (< 1) = Ty (— )Ty (—DZay 10 (1) = Xg7 Tay 1oy (1)-
0 ai a2 a2 ay a1 +o 0 oy +o
Set
H, = Qp(hoﬂ(_l))’ Hy = So(haz(_l))v Hyp = So(thJraQ(_l))'
The element Hi2 modulo the radical. Since Hio commutes with X792, passing modulo
the radical we obtain

hay(a1)hay(a2) Tay (b1)Tas (b2)Tar+as (03) W Tay (€1)Tas (€2)Tar+as (€3) Tag+as (b) =
= Zai+az(0) hay (@1)hay (02) Taq (01)Tas (b2)Tag+as (03) W Zay (€1)Tas (€2)Tag +as (€3)-
This simplifies to
Tup(ay +az) (D) = Tay+as (102 ),
hence w(ay + az) = a1 + ag (so w = e) and ajag = 1. Using HlQ2 =1, we have

ha, (al)hOéQ(l/al) Loy (bl)xaz (b2)$041+a2 (b3) =
= Tai+as (*b3)‘ra2 (*b2)$a1 (*bl) ha, (1/a1)h6¥2 (al) =
= ha, (1/a1)hay(a1) Tay (—b2/a1) Ta, (—a1b1) T, 40, (—b3).

It follows that a; = +1 and 2bs = b1bs. The case a1 = 1 forces by = by = 0, which is

impossible; hence a3 = as = —1 and
bib
Hia = hay (=D hay (—1) 20, (b1) Zay (02) Tayg +an <—122> (mod Rad).

Next, from
His Xog = X' Tayta,(0) Hia
we get (still modulo the radical)
Loy (bl+1) Loy (b2+1) xocl-l—ocz(_b?) =Ty (1+b1) Loy (1+b2) Loy +a (b —1- b1>7
hence
by — by =b—1.
Using Hi2 xq, (1) = x4, (—1) Hi2 we obtain
Tay (b1) Tay (b2) Tay (b + 5) Tay () = Tay(8) Tay (b + ) Tay (b1) Tay (b2),
SO
bo(b+s) = s (b+ by + ).
If b=1and s = 0, then b; = by and necessarily bs = 0, hence H1a = hqay+a,(—1) (mod Rad).
If b= —1 and s = 1, then b; = 0 and by = 2. Thus over the residue field there are exactly
two possibilities:

His = haytay(—1) or Hig = haytay(—1) 2a,(2) (mod Rad).
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The element Hi; over Rj;. Consider His in a local ring R;. In both cases it admits a
short Gauss decomposition, and from
hal (al)haz (aQ) Tay (b1)$a2 (b2)$a1+ag (b3) L—ay (01)1‘7042 (62)‘%*&1*&2 (03) Tag+as (b)
= Tog+az (b) hal (al)haz (aQ) Tay (bl)xaz (b2)$a1+a2 (b3) T—ay (Cl)l‘*az (62)‘%*&1*&2 (03)

we get cg3 = 0, then ¢y = ¢co = 0, and finally ajas = 1. From the involutivity of Hio we
deduce bg = —b1by/2 and a; = —1; as in the field case,

by —by=b—1.
Thus

2

The image of h,,(—1). Now determine H; = ¢(hq,(—1)). Modulo the radical, H;
commutes with Hyo, inverts X2, commutes with X1, and has order 2. Write

b1 (b1+1-b
Hya = o (— D)y (— 1) oy (b1) s (01 1-D) o (—()) .

Hy = hoc1 (al)ha2 (a2> Loy (Cl)xaz (02)$a1+a2 (63) WL, (dl)xm (dQ)xaH-az (d3)'
From X2H; = H1X1_21 we get w(ay + ag) = a1 + ag, i.e. w = e, and ajas = —1. Using
that Hy commutes with X7 = x4, (b + s)x4,(s) we have
ha, (al)hO@ (—1/&1) Loy (01)56062 (62) Loy (b + S)xocz (5) =
= Zay (b + S)xOQ (S) ha, (al)ha2 (—1/&1) Lay (Cl)xaz (62)'
In the case b =1, s = 0 this gives a; = —1 and ¢y = 0, so
Hy = ha,(—1) Za, (€1) Tai4as (c3),

and since HZ = 1 we must have

Hy = hay(—1) xay1ay(c3)-
Commuting with His yields by = 0 (mod Rad), i.e. over the field Hio = hay4a,(—1). In
the case b+ s =0, s =1 (equivalently b = —1) we get a; = 1 and ¢; = 0:

Hy = ha, (_1) Loy (62) Lo+ (03)7

and the involution condition gives

Hy = hay (1) Tay+as (€3)-
Commuting with His then shows b; = 0 and in this case

Hiz = haytas(—1) Za,(2).

Over the local ring Rj, in both cases H; admits a short Gauss decomposition. From
HiX15 = X5 Hy we obtain
Hy = hq, (a1)hay (—1/a1) 2a, (¢1)Tas (€2)Tay +as (€3),
and from H; commuting with X7 one gets a; = £1; thus either s = 0 or b+ s = 0. Therefore
either X1 = x4, (b) or X1 = z4,(s). In the first case ca = 0, in the second case ¢; = 0, and
together with H? = 1 we obtain
H, = hal(_l) Loy +as <C3) or Hi = ha2(_1) Loy +az <C3)'
Finally, using that H; and Hj2 commute, we get in the first case
b +1—-b=0, by =0—-1, His = hoy (—1)hay(—1) 2o, (b — 1),
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and in the second case
by =0, Hiy = hoy (—1)hay(—1) 20y (1 —0).

Thus, at this stage we have either

X1 = xa, (D), Xo = 2o, (1 = b)xqa,(1),
Hia = haytay(—1)za, (b—1), Hy = hay (—1)xa,4a,(€),
or
X1 = Zay(—b), Xo =20, (1)Tay (1 + )Xoy +a,(—b),
Hia = haytay(—1)za, (1 —b), Hi = hay(—1)xa,4a,(c).
Clearly Hy = ¢(hay(—1)) = H1Hys. Since Hy commutes with X5, in the first case one
obtains b = 1; in the second case one obtains b = —1. Therefore, in the first case

o(za(1)) = za(1) for all positive roots o € @,

and the diagonal involutions are mapped as follows: @(ha,(—1)) = ha, (—1)Za;+a,(€),

O(hay(—1)) = hay(—1)Zay+a5 (), ©(hay+as (—1)) = hay+a,(—1). Conjugation by the element
Tay+as(€/2) eliminates the extra q,+q,(c)-factors. In the second case, after conjugation by
the same element x4, 4q,(c/2), we get

gp(l'al(l)) = :L‘Oéz(l)a (p(l‘a2(1)) = $a1(1)$a1+a2(1),
SO(IEOélJraz(l)) = ."L‘a1+a2(—1), (,D(hal(—l)) = haz(_l)’
P(hay (1)) = ha; (—1)Tay(2).

4.8. The image of w,, (1) in the first case. Let W; := ¢(wa, (1)). Recall the standard
relations

W? = Hy, Wi Hy = Hyo Wi, W1 Xo = X190 Wi
Over a residue field, writing Wj in Bruhat form and using successively the relations above,
one gets w = s,, and then

Wy = hal (al)hoéz (a2) Way (1)
From Wf = H; one obtains as = 1, and from W3 Xy = X1o2W; one gets a; = 1. Hence,
modulo the radical,
W1 = wal(l).
Over a local ring one writes
Wi = Wayy (1) ha1 (al)haz (a2) Lay (bl)xaz (bZ)quJraz (b3) L—ay (Cl)$*a2 (CZ)x*alffm (03)7

with all parameters in the radical except possibly a1, as. The relations H1W1H; = Wy and
HyWy = Wi His imply

b2:b3262263:0, 61261:0.
Then W12 = H; gives ao = 1, and W1 X9 = X15W; forces a; = 1. Thus
(P(woq(l)) - woq(l)
in the first case.
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4.9. The image of w,, (1) in the second case. Let again Wi := ¢(wq,(1)). Over a
residue field, the relations

Wt = Hy, W1 Hy = Hy2 Wh, Wi Xo = X2 W
lead to
Wl = Tay (_1)w0t2 (l)xOZZ (1)
modulo the radical. Conjugating our endomorphism by 4, (1), we obtain over the residue

field exactly the graph automorphism interchanging the simple roots. It therefore suffices to
find an element which is not conjugate to its image under this graph automorphism.

Proposition 4.3. Let R be a commutative ring and let G,q(Asz, R) be the adjoint Chevalley
group of type Ao over R. Set v = ay + ag and consider

Y = 20, (1) wy(1) zay (1) € Gaa(A2, R).
Let ¢ be the automorphism of Gaq(Az, R) such that

(P(xﬂ:m(l)) = xﬂ:az(l)a (P(l':tm(l)) = xial(]‘)'
Then, if R has at least one localization by a mazimal ideal with residue field of characteristic
# 7, the elements Y and p(Y') are not conjugate in Goq(A2, R).

Proof. Assume that Y and ¢(Y') are conjugate over R. Then they remain conjugate over
every localization Ry, and hence also over the residue field of every such localization. Choose
a maximal ideal m for which the residue field has characteristic different from 7. Reducing
to that residue field and then passing to an algebraic closure, we may work inside PGL3(K)
for an algebraically closed field K with char K # 7. In the standard realization,

0 0 1 0 1 2
w,M)=[0 1 0], v=[0 11
~1.0 0 -1 00

Since the graph automorphism sends z.(1) to z,(—1), it sends w,(1) to w,(—1), and
therefore ¢(Y') lifts to

0 0 -1
Y=[1 2 0
11 0

If Y and Y’ were conjugate in PGL3(K), then there would exist g € GL3(K) and A € K*
such that gY¢g~! = \Y’. Comparing determinants gives A\* = 1, while comparing traces
gives 1 = 2), so A = 1/2. Hence 2° = 1 in K, i.e. 7= 0, a contradiction. N

It remains to treat the case where every residue field has characteristic 7. Define
Wa = Ta(3) x_o (=) 4(3)
and _
ha(3) := Wa wa(1)L.

For every maximal ideal m, in the residue field of characteristic 7 one has 37! =5, so T (3)
reduces to hy(3). Now set

Y i= Ty (1) 20y (2) oy (3).
Its image under the graph automorphism becomes

P(Y) = Tay (1) @03 (2) hay (3).
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Reducing to any residue field k of characteristic 7, these elements lift to the matrices

330 300
A=1[2 3 0], B=[(011
005 03 1

If the images of A and B were conjugate in PGL3(k), then there would exist u € GL3(k) and
X € kX such that uwAu~' = AB. Comparing determinants gives A3 = 1, whereas comparing
traces gives A = 4/5. In characteristic 7 this is impossible, since (4/5) # 1. Thus Y and
©(Y') are not conjugate. Therefore the second case is impossible.

We conclude that all z4(1), « € ®, are mapped identically.

4.10. The images of all x,(r). Since each root subgroup
Xo={za(r)|r€eR}
is the double centralizer of x,(1), we have
p(za(r)) =za(r), 7' =p(r),

where p: R — R is some ring endomorphism. Let us prove that p = idg. For type Ay the
trace in the adjoint representation satisfies

F(s,t) = tr(za(t)z_a(s)) = s*t? — 6st + 8.
Since ¢ is locally inner, trace is preserved:
F(s,t) = P(p(s),p(t)) (st € ).
Fix s =1 and write
F(t)=t*—6t+8,  F(t) = p(t)? — 6p(t) + 8.
Compute
A(t) :=[F(t+1) + F(—t—1)] = [F(t) + F(—t)] = 4t + 2,
and the same formula with p(¢) in place of ¢ gives
At) = 4p(t) + 2.

From the trace identity, A(t) = A(t), hence

4(p(t) —t) =0 vVt e R.
Since 2 € R*, also 4 € R*, so p(t) =t for all t € R. Thus

o(xa(t)) = za(t) Va e ®, Vit € R).

As the elementary adjoint group F,q(As, R) is generated by all root subgroups, the nor-
malized endomorphism ¢ is the identity on F.q(Az, R). Undoing the normalization, every
locally inner endomorphism of E,q4(Ag, R) is inner.

Theorem 4.4. Let R be a commutative ring with 1/2 € R. Then every locally inner
endomorphism of the elementary adjoint Chevalley group E,q(As, R) is inner. Equivalently,
E.qa(Az2, R) is Sha-rigid.

Proof. By the computation above, after an inner normalization ¢ fixes every root subgroup
X, pointwise, hence ¢ = id on E,q(As, R). Undoing the normalization yields that the
original locally inner endomorphism is inner. []
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4.11. Sha-rigidity of the adjoint group G,q(A2, R).

Theorem 4.5. Let R be a commutative ring with 1/2 € R. Then every locally inner
endomorphism of the adjoint Chevalley group Gaqa(Asg, R) is inner. Equivalently, Gaqa(Az, R)
is Sha-rigid.

Proof. Let ¢ : Gaa(Asg, R) = Gadq(Az, R) be a locally inner endomorphism. By Theorem 4.4,
after an inner normalization ¢ is the identity on the elementary subgroup E,q(Ag, R), which
is normal in Gaq(Ag, R). Take any g € Gaa(Az, R) and any root element x = z,(1) €
E.q(A2, R). Then gx g~! € E.q(A2, R), and hence
plgrg™") = grg™" = p(g)xp(g) "

Therefore g~ '¢(g) centralizes E,q(As, R). For Chevalley groups of rank at least 2 the
centralizer of the elementary subgroup coincides with the center, and in the adjoint group
the center is trivial. Hence g~ 'p(g) = 1 and ¢(g) = ¢ for all g, i.e. ¢ = id. Undoing the
normalization shows that every locally inner endomorphism of G,q(A2, R) is inner. (]

Theorem 1.1 is completely proved for the case As.

5. Sha-RIGIDITY OF THE ADJOINT CHEVALLEY GROUPS OF TYPE By

5.1. Set-up and normalization. Let ¢: E,q(Bg, R) — FE.q(B2,R) be locally inner.
Throughout we assume 2 € R*. Fix simple roots « (long) and § (short), so that

o ={a, 8,0+ 8,0+ 28}.
Set
Xo =z (1)zs(1).
As in the case As, composing ¢ with a suitable inner automorphism we may and do assume
¢(Xo) = Xo.

5.2. Relations used. We only need the following standard Chevalley commutators in type
Bs:

[2a(t), 25(5)] = Tatp(—ts) $a+2ﬂ(_t32)a (5.1)
[Tats(t), 25(s)] = Taros(—2ts).
In particular, inside U™ the root subgroup X253 commutes with X,, Xz and X, p.
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5.3. The special element X, and its centralizer. We first determine the centralizer
C(Xp) inside Ut. As in Ag, one checks by reducing to residue fields that any g € C(Xj)
must lie in UT. Hence every element of C'(Xj) has a unique form

g = xa(bl)xg(bz)]:aJrg(bg)anrgg(d), bi,bs,b3,d € R.

Since x4425(d) commutes with Xy, the condition X = Xog reduces to
Ta(b1)25(b2)Taqtp(bs) Ta(1)2s(1) = 20(1)zs(1) 2o (b1)25(b2)Tats5(b3). (5.3)

Using (5.1) and (5.2) and collecting factors in the standard U*-order (o, 8, + 3, + 23),
one obtains an equality in U™ equivalent to

1 =2a45(b1 — b2) Tay25(b1 + b5 — 2by — 2b1by + 2bs + 2b3). (5.4)
By uniqueness of coordinates in UT we get by = by =: b, and then
b2 —b

0=>0—0b>+2bs — by = 5

Thus we have proved:

Lemma 5.1. The centralizer of Xo in U™ consists precisely of the elements

b2 —b
xa(bm(b)xaw( . >xa+2ﬂ(d>, bdcR.

5.4. The image of x,4235(1). Set

Xy = p(atas(1))-
Since z4425(1) commutes with X, also X4 € C(Xj). By Lemma 5.1 we may write
a’—a

X4 =xzq(a)zg(a) :L'a+5< 5 ) Tat23(b), a,b € R. (5.5)

We now show that necessarily a = 0. Fix a maximal ideal J and work in the local ring R ;.
Reducing modulo J, the element X is conjugate in G,q(Ba, k) to x4425(1), hence its a-
and (-coordinates vanish; in particular @ = 0, i.e. a« € RadR;. Let ¢ € R} be such that
X4 is conjugate in Goq(B2, Ry) to £4425(c). As in the Ay case, we may take a conjugating
element in short Gauss form

g=t-v_g(u)r_aq_p(v)x_q_23(w), u,v,w € Rad R.

Writing the conjugacy equation X4 g = g x4423(c) and commuting x_,_25(w) past zqy28(c)
produces the torus factor ha425(1 + wc). Comparison of torus parts yields

hat2s(1 + we) = hg(1 4+ uve(l 4 we)). (5.6)

Since hq+t28(-) and hg(-) are independent in the adjoint torus and ¢ € R}, (5.6) implies
w = 0 and then uv = 0. With w = 0 and wv = 0, the conjugacy equation simplifies to an
equality in UTU~. A short calculation using (5.1) gives the relations

a = ve = u’c, 2ue = a(a —1).

Since uv = 0 and u,v € Rad Ry, we get a®> = 0 and hence u? = 0, so the above relations
give a = 0. Thus Xy = x423(b) with b € R. Since J was arbitrary, we conclude globally:
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Lemma 5.2. One has

X4 = p(@at28(1)) = Tay25(b)  for some b e R,

5.5. The image of z,44(1). Put

X3 := o(zatp(l)).
Then X3 commutes with X4, and applying ¢ to the identity [x445(1), Xo] = Zat28(—2)
gives
(X3, Xo] = X2 = Tat25(—2b). (5.7)
Moreover, for every J the reduction X3 is conjugate to z,45(1) over k.

Proposition 5.3. After conjugating ¢ by an element of the centralizer C(Xy), we may
assume

2
X3 =2xq(5) 28(S) Tayp (b +

8 J—
2

S) , s € Rad Ry in each localization Ry.  (5.8)

Proof. Over k;, commuting with X4 = x,424(b) forces the Weyl part in the Bruhat decom-
position of X3 to be trivial. Lifting to Ry and using the same short Gauss comparison as in
the case Ao, all U -parameters vanish and the torus part must be trivial. We are left with
X3 = J}a(bl)335(bg)$a+5(b3)$a+25(b4), bl, bg € Rad RJ.
b2 —by

Substituting into (5.7) and comparing U -coordinates yields by = by and b3 = b+ -5,
while by can be killed by conjugating with a suitable element of C(Xj). ]

5.6. The images of (1) and xg(1). Let X; := ¢(z4(1)) and X5 := ¢(xg(1)). Since
©(Xo) = Xo, we have

Xo = X1 Xo. (5.9)
Applying ¢ to [za(1), Xo] = xa-i—,B(l) xOH-Z,B(l) gives
[X1, Xo] = X3Xy. (5.10)

Finally, X; commutes with X3 and X4. Reducing modulo J, the commutation with X, and
X3 forces
X1 = 2a(A) Tatas(p)-

Substituting into (5.10) and comparing the X,-parameter gives A = b. Then from (5.9) we
compute

Xo =X, X0 =aa(l = b)25(1) Zasas(*).
Since X2 must be conjugate to z(1), the extra z,(1 — b) factor must be trivial; hence b = 1.
Thus X4 = 24425(1) and X3 = 2445(1). Over a local ring, the same short Gauss argument
as in the As case shows that X; has no U~ part and no torus part. Hence X; € U™ and,
from the commutation with X3 and X4, necessarily

X1 =2q(1) xq+428(c) for some c € R;.

Then (5.9) gives
Xy = Xl_lXo = x8(1) Tat28(—c).
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Summarizing, after our normalizations we have in every localization:
X1 =24(1) za428(c), (5.11)
Xy = 23(1) Tas2p(—0),
X3 = zq45(1), X4 = za425(1).

5.7. The image of the diagonal involution. In type By the only nontrivial diagonal
involution in the adjoint group is hq(—1). Let

Hy := p(ho(—1)).
Then Hi commutes with X; and X4 and inverts Xo and X3. Over k;, commuting with

To+2p(1) forces the Weyl part in the Bruhat decomposition of H to be trivial, and commuting
with z4(1) forces Hy into the Borel subgroup with no xg(-) factor. The inversion of

X3 = xq+8(1) forces the torus part to be ho(—1), and the condition Ff = 1 kills the
Ta428-coordinate. Thus

Hy = ha(—l) 'fa—&-ﬂ(é)'
Lifting to R; via the same Gauss comparison as in the case Ao, we obtain the identical
statement over R;:

Hy = ha(—1) 201 5(0), (5.12)
with the same parameter ¢ as in (5.11).

5.8. The image of wg(1) and elimination of c¢. Let W5 := ¢p(wg(1)). We use the standard
relations
WoXs = X;'Wa,  WoXy=XyWo,  [We,Hi=1, Wj=L1
From W2 Xy = X4Ws with X1 = 24(1)2a+24(¢) and X4 = z4125(1), the Weyl part of W
must send a to a + 2, hence it is wg. Then Wy X3 = X3_1W2 forces the torus part to be
trivial and kills the z(-) coordinate. The commutation with H1 = ha(—1)z445(¢) then
forces € = 0. Thus X1 = z4(1), X2 = z3(1), and Hy = ho(—1). Over a local ring, writing
W3 in short Gauss form with Weyl part wg(1) and radical parameters, one shows in the
same way that all extra parameters vanish and that necessarily ¢ = 0. Hence
Wy = wg(1).

Arguing exactly as above, one likewise gets @(wq (1)) = wq(1). Therefore, after all normal-
izations we have

90(330((1)) = xa(l)v Lp(.%'g(l)) - xﬁ(l)v
P(Tatp(1)) = Tarp(l), P(Ta+28(1)) = Tat2p(l),
and also ¢(ha(—1)) = ha(—1).
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5.9. Finalization of Bj. Since ¢ fixes w, (1) and wg(1) and hence normalizes the torus
action, it preserves each root subgroup. Thus for every root v there is a ring endomorphism

p~y: R — R such that
Sﬁ(fz'y(T)) = 557(P'y(7"))~
Now use local innerness. For a long root « in type By one has
tr(zy(t)z—y(s)) = st — 6st + 10.
Hence
2,2 _ 2 2
5717 — 65t = py(s)"py(t)" — 6py(s)p4(2).
As in the case Ao, applying the symmetric difference trick in the variable ¢ gives
p,(t)=t VteR
Thus ¢ is the identity on all long root subgroups. Finally, the commutator relation (5.1)
with ¢ = 1 shows that the short-root maps must also be the identity: since
[2a(1), 25(5)] = Tass(—5)Tat2s(—5),
applying ¢ and using that p, = pa42s = id yields

Tat26(—pp(5)%) = Tay2s(—5%),
hence pg(s)? = s? for all s. Because pg(1) = 1 and pg is additive, we get ps = id, and then
also pa4p = id. Therefore ¢ is the identity on all root subgroups and hence on E,q(B2, R).

Undoing the initial normalization, we conclude that every locally inner endomorphism of
E.q(Bg, R) is inner.

Theorem 5.4. Let R be a commutative ring with 1/2 € R. Then every locally inner
endomorphism of E,q(Ba, R) is inner. Equivalently, F.q(Ba, R) is Sha-rigid.

Theorem 5.5. Let R be a commutative ring with 1/2 € R. Then every locally inner
endomorphism of G,q(Ba2, R) is inner. Equivalently, G.q(B2, R) is Sha-rigid.

Proof. By Theorem 5.4, after an inner normalization a locally inner endomorphism of
Gaq(Bsg, R) acts trivially on E.q(Bs2, R). Since Bo has rank 2, the subgroup F.q(Bs, R)
is normal in G,q(B2, R), and the same argument as in the proof of Theorem 4.5 shows
that the endomorphism is trivial after normalization. Undoing the normalization yields the
claim. L]

This completes the proof of Theorem 1.1 for the case Bo.

6. Sha-RIGIDITY OF THE ADJOINT CHEVALLEY GROUPS OF TYPE Go

Throughout this section R is a commutative ring with 2,3 € R*. For brevity we write
E(G2) = Ead(G2> R)a G(G2) = Gad(G27 R)

Fix the root system ® of type Go with simple roots « (long) and  (short). The set of
positive roots is

Ot = {a,B,a+ B, a+28,a+35,2a + 35}.
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6.1. Commutators. For each root v € ® and each parameter t € R let z-(t) denote the
corresponding root element. We use the normalization in which the commutator relations
for the simple roots take the form

[2a(t), 25(w)] = Tasa(tu) Tasss(—t0) 2aras(—t0?) e2aras(u®),  (6.1)
[@as5(0),25(0)] = Tarzp(2tu) 2asas (300%) woasas(3C0), (6.2)
[2a(t), Zasas ()] = 22ara3(tu), (6.3)
[Zas25(t), 25(w)] = Taras(~3tu), (6.4)

[Zas5(8), Caras(w)] = T2asa(3t0). (©5)

For any pair of roots v, € ® such that v+ ¢ is not a root and v # —J, the correspon
root subgroups commute. All relations involving negative roots are recovered from (6.1)—(6.5)
using the action of the Weyl group and rank-one calculus.

=
S
!

6.2. The centralizer of the element Xj. Let Xy := x,(1)zg(1). As in the previous
sections, if g € G(G3) commutes with X, then every localization g; commutes with (Xjp) s,
and after reduction modulo the radical the image commutes with X over the residue field.
The same argument as before yields

Ca(a,)(Xo) C U
Take an arbitrary element

2a(01)25(b2)Taqt5(b3)Ta+28(b4)Tat35(b5)T20+35(bs)

and impose the condition that it centralizes Xo. Comparing the x,4g(-)-coordinate on
both sides immediately gives by = by =: b. A direct computer calculation in the adjoint
representation then gives

b — b2
by = —5— (6.6)
20° b2 b
b4——?+5+6, (67)
3t v b2
b= T3 (6:8)

while the parameter bg is arbitrary. Thus the centralizer of X in U is precisely the set of
elements

b—b? 203 b b 3t b b
$a(b)$ﬁ(b)$a+ﬁ< > ) Ta+2p (—3 to T 6) Tat3p <4 -5~ 4) T2a+38(d)

with b,d € R.

6.3. The image of zy,435(1). Let X := @(224433(1)). Since z24435(1) commutes with
Xo, also Xg lies in the centralizer of Xy. Therefore over every localization we may write

b—b? 265 b2 b 3t B b?
Xo = 2a(b)w5(b)Tatp < 5 > La+28 <—3 tot 6) La+3p <4 -5 > T2a-+35(d),

where b € Rad R and d € R*. Since X¢ is conjugate to x2q433(1), there exists a conjugating
element of the form

g=2_o(c1)T_a_p(c2)r_q—28(c3)T_a-38(ca)T_20—35(c5)
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after absorbing the torus part into the parameter of the highest root element. We consider
the relation expressing that xo,433(a) and Xe are conjugate, where a € R*. A direct
computer calculation in the adjoint representation gives a sequence of constraints. From
the (1,2)-entry one gets b%cy = 0. Then the (1,1)-entry gives acs = 0, hence c5 = 0. The
(1,6)-entry yields ¢3 = 0. Using subsequently the (1,4)-, (3,5)-, (1,3)-, (4,5)-, (3,1)-, and
(3, 2)-entries, one obtains

2 2 2 3
b= acs, c4 = C3, €3 = —Cy,

and finally ¢3 = 0, so b*> = 0. Then the (5, 4)-entry gives bc; = 0, and considering all these
relations together, the (2, 14)-entry becomes

2b = 0.
Since 2 € R*, it follows that b = 0. Therefore we may assume

X6 = w2a438(a), ac R

6.4. The image of z,,33(1). Now let X5 := ¢(zq438(1)). Then X5 commutes with X,
satisfies
(X5, Xo] = X5,

and is conjugate to z4138(1). Over a field, commuting with X¢ = x9,433(a) leaves only
two possible Bruhat forms. The form involving a Weyl factor wg(1)zg(c) is immediately
impossible from the uniqueness of the Bruhat decomposition. Hence over a field we may
write

X5 = t1(b°)t2(1/b*) 20 (b1)25(b2)Tats(b3)Tayas(ba) Tasss(bs)T2a+35(b6)-
Using the commutator relation with Xy and simplifying, one gets b = 1 and b1 = by. A
direct matrix calculation then yields

:bl—bf’ b4:_4b:1)’+3b%+bl, b5:a+3b%_zb?_b%.

2 6 4
Since X5 is conjugate to z4435(1), the conjugating element may be assumed to have the
form g = ti(ay)ta(ag)xa(p). As in the previous sections, comparison of the z4(-)-coordinate
forces by = 0. Hence over the field

b3

X5 = Tay38(a)T20435(b6).
Passing to a local ring and repeating the same short Gauss comparison, one sees that the
negative-root part vanishes and that

X5 =C-za13s(a), C € C(Xo).
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6.5. The image of x,23(1). Let now X4 = ¢(2q425(1)). Then X, commutes with X5
and Xg. Over a field, commuting with Xg again leaves two possible forms; the one involving
a Weyl factor is incompatible with commuting with X5. Hence over a field

Xy = t1(s”)t2(1/5%)za(b1) - - T20135(b6),
and commuting with X5 gives by = 0 and s3 = 1. Using the relation
[X4, Xo] = X57° X2,
one compares the coordinates and obtains first s2 = 1, hence s = 1. A direct matrix
calculation then yields
by =0, bs =0, by = a, bs = 3d,
where X5 = 2q138(a)r2q+33(d). Thus over the field
X4 = Tay2p(a)Tayr3s(3d)T2at38(€)-

Over a local ring the same short Gauss argument removes the negative-root factor and the
torus part, and one arrives at the same expression:

Xi = 2ot 23(0)2as 33(3d) 204 35(0). (6.9)

6.6. The image of z,,3(1). Let X3 := ¢(rq15(1)). Then X3 commutes with X¢ and X,
and also

(X35, Xa] = X3, [Xs, Xo] = XFXIXE.
Over a field, commuting with X5 and Xg implies that

X3 = ta(b)zs(b2)Tats(bs)Tas2s(ba)Tatsp(bs)T2atsp(be), 0> =1.
Using [X3, X4] = X2 and (6.9), we obtain successively b = 1, by = 0, and b3 = 1. Thus over
a field,
X3 = Ta18(1)2a+28(b4)Ta+38(b5)T2a+35(bs)-
The same form holds over local rings. Now use the relation [X3, Xo] = XZ X3 X§. Comparing
the z4428(+)-coordinate gives a = 1 in (6.9). Simplifying the remaining coordinates, we
obtain
by= —2d, by =3d—2e,

so that

X3 = Za18(1)Ta+28(—2d)Ta+35(3d — 2€)T20435(f) (6.10)
for some f € R.
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6.7. The images of z,(1) and z3(1). Now let X; := p(x4(1)) and X5 := p(x5(1)). We
know that X; commutes with X3, X4, Xg, and that
(X1, Xs] = Xo,  [X1, Xo] = X3 X' X5

As in the previous cases, commuting with Xg implies that over a field

X1 = t1(6*)t2(1/6%) 20 (b)) (b2)Tas (03) T at25(ba)Tas35(bs) w20 135 (b6)-
Using [ X1, X5] = X gives b = 1 and b; = 1. Commuting with X, then yields b = 1, by = 0,
and b3 = —d. Commuting with X3 gives
2
by =2d* +d— 3¢
Finally, from [X1, Xo] = X3X,; ' X; ' one obtains

3 3 5
= "(d*+d by = —=d* + =d — f.
e=5(d" +d), 5 54 +od—f

Therefore
3

5
X1 = 2a(D)a4s(—d)Tar25(d*)Tatsp <—2d2 + §d — f> Toa+38(k),

and
_ 9 11
X2 = X' X0 = 25(1) %0y s(d)2as25(—d*+2d) 0 3p <2d2 -5 d+ f) Tont35(3d>—3d*—k).

Since z,(1) and X; are conjugate, we may use the fact that (X7 — 1)3 = 0; this gives the

additional relation 5
S
! 2

Likewise, since x5(1) and X5 are conjugate, (X2 — 1) = 0, which yields

5
d> + =d.
*3

1 3 1
k=—d"+-d*+ -d*
4 * 2 + 4
Substituting these expressions we obtain

1 3 1
Xl = ﬂj‘a(1)$a+ﬁ(—d)$a+25(d2)$a+3ﬁ(d3)$2&+35 <4d4 + §d3 + 4d2> s (611)

1 3 13
Xy = $5(1)xa+/3(d)l‘a+25(*d2 + 2d)xa+36(*d3 + 3d° — 3d)x2a+35 <4d4 + §d3 o 4d2> :
(6.12)

6.8. Normalization of the images of positive root elements. We want to find an
element g € C'(Xp) such that

gz, (1) gt = z,(1) for all v € ®7.

A direct calculation shows that
_ (_d) (_d) _d2+d @_Fﬁ_g %_‘_dig_diz
9= Tolm )T Tatp g )Fetw T3 Ty T e\ T Ty T

has exactly this property. Hence, after conjugating ¢ by g, we may assume that
X1 = 4(1), Xy = ‘Tﬂ(l)v X3 = 5504-"-,3(1)7
Xy =zat28(1),  Xs=waq3p(1),  Xe = z2a138(1).
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6.9. The images of diagonal involutions. Consider

Hy = p(ha(=1)),  Hz=@(hg(-1)).
The involution H; commutes with X; and X4 and inverts Xs, X3, X5, Xg. Over a field,
writing H; in Bruhat form and using these relations shows first that the Weyl part is trivial,
then that the torus part is to(—1) = ho(—1), and finally that all positive-root parameters
vanish except possibly the highest-root one. Thus over a field

Hy = ta(—1)22a+435(bs)-
For Hy, which commutes with X5 and Xg and inverts X, X3, X4, X5, the same argument
yields

Hy = t1(—1)22a+35(c6)-
Since H3 = 1, we obtain ¢ = 0, hence Hy = hg(—1). Over a local ring, the same short
Gauss argument shows that

Hy = hg(—1).

Returning to Hy, the additional relation [Hy, Hy] = 1 forces all root parameters except the
highest one to vanish, and commuting with X; and X, yields

Hy = ha(=1)720+35(bs)-
Conjugating our endomorphism by z24435(bs/2) removes this extra highest-root factor
without changing any of the positive root elements or Hs. Thus after this final normalization
we may assume

Hy = ha(=1),  Hy=hg(—1).

6.10. The image of wg(1). Let Wy := ¢(wg(1)). Then
(Wa, Hy) =1, W3 =Hy,  WyHy = HiHyWh,
and also
Wy Xe = XeWa, Wa X1 = X5Wa, Wa X3 = XyWa.
Over a field, the relation [Wa, Hy] = 1 implies that in the Bruhat form of W5 only the root

directions fixed by hg(—1) may occur. Using in addition WoH; = HH2W5, one sees that
all root parameters vanish and that the Weyl part must send

B £8, a— t(a+30), 2a0 + 36 — 2a + 3.
Hence the Weyl part is wg(1), and we are left with a torus factor:
WQ = tl (al)tg(ag)wg(l).

From W5 X35 = X4W5 one obtains alag = 1, and from W3 X = X5W5 one gets ala%’ = 1.
Together with the condition that the torus commutes with Xg, this implies a; = ag = 1.
Thus over a field,

Wy = wg(1).
Over a local ring one writes W5 in short Gauss form with Weyl part wg(1). The relations
with H; and Hj eliminate all negative and positive root parameters, leaving again only a
torus factor. The same comparison as in the field case then shows that the torus part is
trivial. Hence

W2 = W5(1).
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The argument for Wi := ¢(wq(1)) is completely analogous, and therefore

p(wa(l)) =wa(1),  @(ws(1)) = ws(1).
Since the positive root elements together with wq(1) and wg(1) generate all root elements
with parameter 1, we conclude that ¢ fixes every z,(1), v € ®.

6.11. Finalization of the G2 case. Since ¢ fixes all z,(1), w,(1), and h,(—1), and
commutes with the torus action, it preserves root subgroups. Therefore, for each root
there exists a ring endomorphism p,: R — R such that

plaq(r)) = 24(py(r))  (reR).
Because ¢ is locally inner, it preserves traces in the adjoint representation. For a long root
~ in type Go one has

tr(z, (t)z_y(s)) = s*t* — Ast + B
for certain integers A, B. Applying the same symmetric-difference argument as in Sections 4

and 5, we get
py(t) =1t forallt € R

for every long root . Now use the commutator relations (6.1)—(6.5). Since the long-
root maps are the identity and since ¢(z5(1)) = z5(1), it follows successively from these
relations that the short-root maps are also the identity. Hence ¢ acts identically on all root
subgroups and therefore on F(Ggz). Undoing the normalization shows that every locally
inner endomorphism of E(Gg) is inner.

Theorem 6.1. Let R be a commutative ring with 1/2,1/3 € R. Then every locally inner
endomorphism of E,q(Ga, R) is inner. Equivalently, Ea,q(Ge, R) is Sha-rigid.

Theorem 6.2. Let R be a commutative ring with 1/2,1/3 € R. Then every locally inner
endomorphism of Gaq(Ge, R) is inner. Equivalently, G,q(Gae, R) is Sha-rigid.

Proof. By Theorem 6.1, after an inner normalization a locally inner endomorphism of
Ga4(Ge, R) acts trivially on E,q(Gag, R). Since Gg has rank 2, the elementary subgroup
is normal in the full adjoint group, and the same centralizer argument as in the proof
of Theorem 4.5 shows that the normalized endomorphism is the identity. Undoing the
normalization yields the claim. []

This completes the proof of Theorem 1.1.
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