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Abstract. We prove that every class-preserving endomorphism of the adjoint Chevalley
group and of its elementary subgroup over a commutative ring is inner for the types A1,
A2, and B2 when 2 is invertible, and for type G2 when 2 and 3 are invertible. Consequently,
all these groups are Sha-rigid.

1. Introduction

Every inner automorphism is class-preserving. In this paper we study the converse question:
when is every class-preserving endomorphism inner?

Recall that an endomorphism φ ∈ End(G) of a group G is called locally inner (or
class-preserving, cf. [7]) if for every g ∈ G the elements g and φ(g) are conjugate in G. The
goal of the present paper is to understand such endomorphisms for adjoint Chevalley groups
over commutative rings.

The problem is closely related to the local–global invariant introduced by Ono [5, 6]. Let
G act on itself by conjugation and consider the pointed set H1(G,G). Among its elements
one singles out those cohomology classes whose restrictions to every cyclic subgroup of G
are trivial; this subset is denoted by Sha(G) and is called the Shafarevich–Tate set of G. We
say that G is Sha-rigid if Sha(G) is a singleton.

A convenient way to phrase Sha-rigidity (going back to Mazur, see, e.g., [6, 7, 4]) is
in terms of class-preserving morphisms. Let Endc(G) (resp. Autc(G)) denote the set of
endomorphisms (resp. automorphisms) φ such that φ(g) is conjugate to g for all g ∈ G.
Then Sha(G) is trivial if and only if every class-preserving endomorphism is inner, i.e.

Endc(G) = Inn(G),

a property often referred to as Property E, see, e.g., [4]. Clearly Inn(G) ⊆ Autc(G) ⊆
Endc(G).
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Let Φ be a reduced irreducible root system and R a commutative ring. We write
Gad(Φ, R) for the adjoint Chevalley group and Ead(Φ, R) for its elementary subgroup. For
the types A1, A2, B2 we assume throughout that 2 ∈ R×, while for the type G2 we assume
in addition that 3 ∈ R×. The main result of this paper concerns the four low-rank types A1,
A2, B2, G2, for which we give separate direct proofs over arbitrary commutative rings. In
particular, the argument below is not obtained by reducing to the higher-rank local-ring
case.

Theorem 1.1. Let R be a commutative ring.

(1) Assume that 2 ∈ R× and let Φ ∈ {A1,A2,B2}. Then every locally inner endomorphism
of Ead(Φ, R) is inner. Moreover, any locally inner endomorphism of Gad(Φ, R) is inner for
Φ ∈ {A2,B2}, and for Φ = A1 under the additional assumption that Ead(A1, R) is normal
in Gad(A1, R).

(2) Assume that 2, 3 ∈ R×. Then every locally inner endomorphism of Ead(G2, R) is inner,
and every locally inner endomorphism of Gad(G2, R) is inner.

In particular, all groups listed above are Sha-rigid.

A remark on earlier work. For local rings and rank(Φ) > 1, Sha-rigidity of the elementary
subgroup (under mild small-denominator assumptions) was claimed in [3]. We would like to
point out that the proof given there contains a gap: since a locally inner endomorphism is
automatically injective, the argument effectively requires a structural description of injective
endomorphisms of Chevalley groups over local rings, whereas the available input concerns
automorphisms. At present, the needed description of injective endomorphisms in the
required generality has not been established, so the cited proof uses an ingredient that is
not yet justified. We expect that the higher-rank statement over local rings can nevertheless
be recovered by the same general strategy, provided one additionally verifies that each step
remains valid for injective endomorphisms. This issue, however, is separate from the proofs
given in the present paper.

Independence of the present proof. The proofs below for the low-rank types A1, A2,
B2, and G2 are independent of the argument in [3]. Even in the local-ring case, our proof is
different and self-contained. It does not use a classification theorem for automorphisms, nor
any structural description of injective endomorphisms of Chevalley groups over local rings.
Thus the gap mentioned above does not affect the validity of the results proved here.

What is new here. In the present paper we prove Sha-rigidity for the low-rank types A1,
A2, B2 over arbitrary commutative rings with 2 ∈ R× and for G2 over arbitrary commutative
rings with 2, 3 ∈ R× by a direct analysis of locally inner endomorphisms. In particular, for
these four root systems the argument is self-contained. We also expect that the approach
developed here extends to all reduced irreducible root systems over commutative rings,
although in several parts of the proof one will inevitably need to treat different root systems
separately.

Organization. Section 2 fixes notation and recalls standard facts on Chevalley groups over
commutative and local rings. Sections 3–6 treat the types A1, A2, B2, and G2, respectively.
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2. Chevalley groups over commutative rings

We fix a reduced irreducible root system Φ and a commutative ring R with 1. For any
lattice P with Q(Φ) ⊆ P ⊆ P (Φ) we denote by GP(Φ, R) the Chevalley group of type (Φ,P)
over R (the group of R-points of the corresponding split Chevalley–Demazure group scheme).
The extreme cases P = Q(Φ) and P = P (Φ) give the adjoint and simply connected forms,
denoted Gad(Φ, R) and Gsc(Φ, R), respectively. Unless explicitly stated otherwise, we work
with the adjoint form Gad(Φ, R) (and with its elementary subgroup), cf. [8, 9].

Root subgroups and the elementary subgroup. Fix a split maximal torus T ≤ G =
GP(Φ, R) and identify Φ with Φ(G,T ). This determines the root subgroups Xα ≤ G (α ∈ Φ)
and parametrizations xα : R → Xα, t 7→ xα(t), satisfying the Chevalley commutator formula
(with integral structure constants), see [8, 9]:

[xα(t), xβ(u)] =
∏
i,j>0

xiα+jβ

(
Nαβij t

iuj
)
, (α+ β ̸= 0). (2.1)

The elementary subgroup is

E(Φ, R) =
〈
xα(t)

∣∣ α ∈ Φ, t ∈ R
〉
.

When we need to emphasize the isogeny type, we write Ead(Φ, R) and Esc(Φ, R).

Standard subgroups. Choose a system of positive roots Φ+ with simple roots ∆. Put

U = U(Φ, R) = ⟨xα(t) | α ∈ Φ+, t ∈ R⟩, V = V (Φ, R) = ⟨x−α(t) | α ∈ Φ+, t ∈ R⟩.
For t ∈ R× and α ∈ Φ set

wα(t) = xα(t)x−α(−t−1)xα(t), hα(t) = wα(t)wα(1)
−1,

and let H = H(Φ, R) = ⟨hα(t) | α ∈ Φ, t ∈ R× ⟩. Then H = T ∩ E, and NE(H)/H is
canonically isomorphic to the Weyl group W (Φ), see, e.g., [9, 8].

Bruhat and Gauss decompositions. If R is a field, every g ∈ G(Φ, R) admits the Bruhat
decomposition

g = t uw u′, t ∈ T, w ∈ W (Φ), u, u′ ∈ U, (2.2)

and t ∈ H whenever g ∈ E, see, e.g., [8, 9]. If R is a (not necessarily field) local ring, we
will use the Gauss decomposition

g = t u1 v u2 (t ∈ T, u1, u2 ∈ U, v ∈ V ), (2.3)

and for g ∈ E one has t ∈ H, see, e.g., [1]. We will only need existence of such factorizations
(and the standard uniqueness of the ordered factorization inside U and inside V once an
order on Φ+ is fixed).

Rank-one calculus. For any root α the subgroup ⟨Xα, X−α⟩ is a rank-one Chevalley
subgroup. In particular, whenever 1 + uv ∈ R× one has the standard identity

x−α(u)xα(v) = xα

(
v

1 + uv

)
hα(1 + uv)x−α

(
u

1 + uv

)
, (2.4)

see, e.g., [9]. Over a local ring (R,m) this applies in particular to u ∈ m, since 1 +m ⊆ R×.

Localization and reduction to local rings. For a prime ideal p ⊂ R write Rp = (R\p)−1R.
If m is maximal, then Rm is a local ring with maximal ideal RadRm, and we denote the
residue field by k(m) = Rm/RadRm.
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Proposition 2.1. Every commutative ring R with 1 embeds into the product of its localiza-
tions at maximal ideals

S =
∏

m∈MaxSpec(R)

Rm

via the diagonal map a 7→
(
a
1

)
m
, see, e.g., [2].

By functoriality, this yields embeddings G(Φ, R) ↪→
∏

mG(Φ, Rm) (and similarly for
E(Φ, R)). We will repeatedly reduce arguments to the local rings Rm and further to the
residue fields k(m).

Normality of the elementary subgroup (rank ≥ 2). If Φ has rank ≥ 2, then E(Φ, R) ⊴
G(Φ, R) for all commutative rings R (Suslin–Kopeiko–Taddei, see [13]). For rank 1 (type
A1) normality may fail in general.

A trace identity (types A2 and B2). Let Ad: Gad(Φ, R) → GL(gR) be the adjoint
representation. For a long root α the trace tr(Ad(xα(t)x−α(s))) is a polynomial in s, t with
integer coefficients. In particular, for the two rank-2 types used in Sections 4 and 5 we have:

tr
(
xα(t)x−α(s)

)
=

{
s2t2 − 6st+ 8, Φ = A2,

s2t2 − 6st+ 10, Φ = B2,
(s, t ∈ R), (2.5)

where the trace is taken in the adjoint representation.

3. Sha-Rigidity of the adjoint Chevalley groups of type A1

Throughout this section R is a commutative ring with 1/2 ∈ R, and

E(A1) = Ead(A1, R)

denotes the adjoint elementary Chevalley group of type A1 in the standard 3× 3 realization.
It is generated by the root unipotents

xα(t) =

1 t2 2t
0 1 0
0 t 1

 , x−α(t) =

1 0 0
t2 1 2t
t 0 1

 (t ∈ R).

Rank-one relations (used implicitly). We will use the standard relations in type A1:

(1) x±α(t)x±α(s) = x±α(t+ s), hence x±α(t)
−1 = x±α(−t);

(2) for u ∈ R∗,

hα(u)xα(t)hα(u)
−1 = xα(u

2t), hα(u)x−α(t)hα(u)
−1 = x−α(u

−2t);

(3) the standard rank-one factorization

xα(t)x−α(s) = x−α

(
s

1 + ts

)
hα(1 + ts)xα

(
t

1 + ts

)
(1 + ts ∈ R∗).
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Set-up and normalization. Let φ : E(A1) → E(A1) be a locally inner endomorphism, i.e.
φ(g) is conjugate to g for every g ∈ E(A1). Composing φ with a suitable inner automorphism
iy (conjugation by y ∈ E(A1)), we may assume

φ(xα(1)) = xα(1). (3.1)

Then automatically φ(xα(−1)) = φ(xα(1)
−1) = xα(−1).

Remark 3.1 (Trace invariance). Since φ(g) is conjugate to g for every g ∈ E(A1), we will
freely use tr(φ(X)) = tr(X) for all X ∈ E(A1).

Step 1: Trace constraints for φ(x−α(s)). Write

φ(x−α(s)) =

a b c
d e f
g h i

 , a+ e+ i = tr(φ(x−α(s))) = tr(x−α(s)) = 3.

A direct multiplication shows that for all s, t ∈ R,

tr
(
x−α(s)xα(t)

)
= s2t2 + 4st+ 3. (3.2)

Now evaluate at t = ±1. Using (3.1) (and hence φ(xα(±1)) = xα(±1)) we get

tr
(
φ(x−α(s)xα(±1))

)
= tr

(
φ(x−α(s))xα(±1)

)
= (a+ e+ i) + d± (f + 2g).

Comparing with (3.2) for t = ±1 yields the system

d+ (f + 2g) = s2 + 4s, d− (f + 2g) = s2 − 4s,

hence
d = s2, f + 2g = 4s. (3.3)

Step 2: The centralizer of xα(1).

Lemma 3.2. The centralizer of xα(1) in M3(R) consists precisely of the matrices

X =

a b 2h
0 a 0
0 h a

 (a, b, h ∈ R).

Proof. Let X = (xij) ∈ M3(R) commute with xα(1). Writing out Xxα(1) = xα(1)X and
comparing entries gives consecutively x21 = x23 = 0, then x31 = 0, then x22 = x11 = x33,
and finally x13 = 2x32. Renaming a = x11, b = x12, h = x32 yields the claimed form.

Since xα(t) commutes with xα(1), the element φ(xα(t)) commutes with φ(xα(1)) = xα(1).
Hence by Lemma 3.2,

φ(xα(t)) =

α β 2γ
0 α 0
0 γ α

 , 3α = tr(φ(xα(t))) = tr(xα(t)) = 3. (3.4)
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Step 3: Determining β(t) and γ(t). Apply trace invariance to x−α(±1)xα(t):

tr
(
φ(x−α(±1)xα(t))

)
= tr

(
φ(x−α(±1))φ(xα(t))

)
.

By (3.3) for s = ±1, the matrix φ(x−α(±1)) satisfies d = 1 and f + 2g = ±4, so multiplying
with (3.4) and taking trace gives

tr
(
φ(x−α(±1))φ(xα(t))

)
= 3α+ β ± 4γ = 3 + β ± 4γ.

On the other hand, (3.2) gives tr(x−α(±1)xα(t)) = t2 ± 4t+ 3. Therefore,

β = t2, γ = t. (3.5)

Step 4: Normalizing φ(x−α(1)) by conjugation. Write (using (3.3) with s = 1)

φ(x−α(1)) =

a b c
1 e 4− 2g
g h i

 , a+ e+ i = 3.

Conjugating φ by an element xα(µ) does not change φ(xα(t)) (because all matrices in
Lemma 3.2 commute with xα(µ)). More precisely, replacing φ by ixα(µ)−1 ◦ φ sends the
(3, 1)-entry g to g − µ. Choosing µ = g − 1 we achieve g = 1, and then (3.3) forces f = 2.
Thus we may assume

φ(x−α(1)) =

a b c
1 e 2
1 h i

 , a+ e+ i = 3. (3.6)

Step 5: A quadratic relation and its consequences. Use the standard rank-one
identity (

xα(−1)x−α(1)xα(−1)
)2

= 1. (3.7)

Applying φ to (3.7) and using (3.1), (3.6), we obtain

1 =
(
xα(−1)φ(x−α(1))xα(−1)

)2
.

Computing the conjugate xα(−1)φ(x−α(1))xα(−1) explicitly and then squaring, the (2, 1)-
entry gives a+e = 2, hence i = 1 (since a+e+ i = 3). Next, the (3, 1)-entry yields a = 1−h,
so e = 1 + h. Substituting back and comparing the remaining entries gives

c = −2h, b = −h2,

and therefore

φ(x−α(1)) =

1− h −h2 −2h
1 1 + h 2
1 h 1

 . (3.8)
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Step 6: A conjugacy reduction and an obstruction. Note the factorization

φ(x−α(1)) =

1 −h 0
0 1 0
0 0 1

x−α(1)

1 h 0
0 1 0
0 0 1

 .

Set P =

1 h 0
0 1 0
0 0 1

. Then φ(x−α(−1)) = P−1x−α(−1)P in GL3(R). Since φ(x−α(−1)) is

conjugate to x−α(−1) inside E(A1), there exists A ∈ E(A1) such that A−1x−α(−1)A =
φ(x−α(−1)). Hence C := AP−1 centralizes x−α(−1), and we can write

A = C P, Cx−α(−1) = x−α(−1)C.

Arguing as in Lemma 3.2, one checks that the centralizer of x−α(−1) in M3(R) consists of
matrices of the form

C =

a 0 0
b a 2c
c 0 a

 = a

1 0 0
d 1 0
0 0 1

x−α(c/a) (a ∈ R∗).

Therefore, up to the factor x−α(c/a) ∈ E(A1), we arrive at

B := a

1 h 0
0 1 0
0 0 1

1 0 0
d 1 0
0 0 1

 =

a(1 + hd) ah 0
ad a 0
0 0 a

 ∈ E(A1) or G(A1).

Lemma 3.3. The situation

B =

a(1 + hd) ah 0
ad a 0
0 0 a

 ∈ G(A1)

is impossible for h, d ̸= 0 and a ̸= 1.

Proof. Embed R into the product of its localizations S =
∏

mRm. It suffices to show that
for each maximal ideal m, the image Bm ∈ G(A1, Rm) forces hm = dm = 0 and am = 1.

Fix m and write Rm as a local ring. Using the Gauss decomposition G = TUV U for
A1, we may write

Bm =

t 0 0
0 t−1 0
0 0 1

xα(α)x−α(β)xα(γ)

with t ∈ R∗
m and α, β, γ ∈ Rm. Multiplying these factors explicitly gives (compare the (3, 1)

and (2, 3) entries)
β(αβ + 1) = 0, β(βγ + 1) = 0.

If β ∈ R∗
m, then αβ + 1 = βγ + 1 = 0, and the resulting matrix has a zero on the diagonal

positions (2, 2) and (1, 1), which is incompatible with the block form of Bm. Hence β is
not a unit, i.e. β ∈ mRm. But then αβ ∈ mRm, so αβ + 1 ∈ 1 +mRm ⊆ R∗

m, and similarly
βγ + 1 ∈ R∗

m. Therefore the above equalities force β = 0.
With β = 0 we have x−α(β) = 1, hence Bm ∈ TU , and in particular the (2, 1)-entry

must vanish. Thus ad = 0 in Rm, and since a ∈ R∗ in the group, we get d = 0. Then also
Bm becomes upper triangular, forcing h = 0, and finally comparing the (3, 3)-entry gives
a = 1.
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By Lemma 3.3, the only possibility in (3.8) is h = 0, hence

φ(x−α(1)) = x−α(1).

Step 7: Forcing the diagonal parameter α = 1. From (3.4) and (3.5) we know that

φ(xα(t)) =

α t2 2t
0 α 0
0 t α

 ∈ E(A1) (t ∈ R),

with 3α = 3. We claim that necessarily α = 1. Indeed, consider the general matrix

X =

a b2 2b
0 a 0
0 b a

 ∈ G(A1, R).

Localizing at Rm and repeating the Gauss-decomposition argument as in Lemma 3.3,
comparison of the (2, 1)-entry forces the negative-root parameter β = 0, so X ∈ TU , hence
its (2, 2)- and (3, 3)-entries must be 1. Therefore a = 1. Applying this to X = φ(xα(t))
yields α = 1.

Finalization of the A1 case. We have shown that for all t ∈ R,

φ(xα(t)) = xα(t), φ(x−α(t)) = x−α(t).

Since E(A1) is generated by these elements, the normalized endomorphism is the identity:

φ = id on E(A1).

Undoing the normalization (3.1) shows that the original locally inner endomorphism is
inner.

Theorem 3.4. Let R be a commutative ring with 1/2 ∈ R. Then any locally inner
endomorphism of Ead(A1, R) is inner. Equivalently, Ead(A1, R) has Property E, hence is
Sha-rigid.

Remark 3.5. For the full adjoint Chevalley group Gad(A1, R) the same conclusion follows
whenever Ead(A1, R) ⊴ Gad(A1, R).

Proof. Let φ : Gad → Gad be locally inner. Restricting to Ead and using Theorem 3.4, we
may assume φ|Ead

= id. For g ∈ Gad and x ∈ Ead we have gxg−1 ∈ Ead, hence

gxg−1 = φ(gxg−1) = φ(g)xφ(g)−1.

Thus g−1φ(g) centralizes Ead. Since the centralizer of Ead in Gad is trivial, we get g−1φ(g) =
1, hence φ(g) = g for all g, i.e. φ = Id.

Theorem 1.1 is proved for the case A1.
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4. Sha-Rigidity of the adjoint Chevalley groups of type A2

4.1. Basic notation and standard relations in type A2. Let Φ = A2 with simple roots
α1, α2 and γ = α1 + α2. We use the standard realization of Gad(A2, R) ∼= PGL3(R) coming
from SL3:

xα1(t) = I + tE12, xα2(t) = I + tE23, xγ(t) = I + tE13,

x−α1(t) = I + tE21, x−α2(t) = I + tE32, x−γ(t) = I + tE31.

For u ∈ R× set

hα1(u) = diag(u, u−1, 1), hα2(u) = diag(1, u, u−1),

and define wαi(u) = xαi(u)x−αi(−u−1)xαi(u).
We will use the following relations (all other commutators between root subgroups in

type A2 are trivial since r + s /∈ Φ):

xr(t)xr(s) = xr(t+ s) (r ∈ Φ),

[xα1(t), xα2(s)] = xγ(ts),

xα2(v)xα1(u) = xα1(u)xα2(v)xγ(−uv),

[xα1(t), x−γ(s)] = x−α2(−ts), [xα2(t), x−γ(s)] = x−α1(ts),

[xγ(t), x−α1(s)] = xα2(−ts), [xγ(t), x−α2(s)] = xα1(ts).

Moreover wαi(u)
2 = hαi(−1) for i = 1, 2.

4.2. The special element X0 and its centralizer. Let X0 = xα1(1)xα2(1) and assume
that φ(X0) = X0 for our initial φ.

We determine the centralizer of X0 in Gad(A2, R) (equivalently, in Ead(A2, R)). If g
commutes with X0, then for every maximal ideal J ⊂ R its localization gJ commutes with
(X0)J . Hence it suffices to find the centralizer in a local ring RJ ; reducing further modulo J ,
the image g commutes with X0 over the residue field kJ .

Field step. Over a field we may write

g = t1(a1)t2(a2) xα1(b1)xα2(b2)xα1+α2(b3) w xα1(c1)xα2(c2)xα1+α2(c3),

and require
g xα1(1)xα2(1) g

−1 = xα1(1)xα2(1).

Then

xα1(1)xα2(1) =

= g′ xα1(c1)xα2(c2)xα1+α2(c3)xα1(1)xα2(1)
(
xα1(c1)xα2(c2)xα1+α2(c3)

)−1
(g′)−1

= g′ xα1(1)xα2(1)xα1+α2(d) (g
′)−1 = g′′w xα1(1)xα2(1)xα1+α2(d)w

−1 (g′′)−1

= g′′ xw(α1)(1)xw(α2)(1)xw(α1+α2)(d) (g
′′)−1.
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The left-hand side contains only positive root factors, so necessarily w = e (otherwise a
negative root would appear). Next,

xw(α1)(1)xw(α2)(1)xw(α1+α2)(d) =

= g′′′ t1(a1)
−1t2(a2)

−1 xα1(1)xα2(1) t1(a1)t2(a2) (g
′′′)−1

= g′′′ xα1(a
−1
1 )xα2(a

−1
2 ) (g′′′)−1

= xα1(−b1)xα2(−b2)xα1+α2(−b3)xα1(a
−1
1 )xα2(a

−1
2 )xα1(b1)xα2(b2)xα1+α2(b3)

= xα1(a
−1
1 )xα2(a

−1
2 )xα1+α2(d

′).

Thus a1 = a2 = 1, hence t1 = t2 = 1, and

g = xα1(b1)xα2(b2)xα1+α2(b3).

Finally,

xα1(b1)xα2(b2)xα1(1)xα2(1)xα1(−b1)xα2(−b2) = xα1(1)xα2(1)xα1+α2(b1 − b2),

so b1 = b2, while b3 is arbitrary.

Local step. Let R be local with maximal ideal J and residue field k = R/J . If g commutes
with X0 in Gad(A2, R), then g commutes with X0 in Gad(A2, k) and hence

g = xα1(b)xα2(b)xα1+α2(b3).

Therefore g admits the short Gauss factorization

g = x−α1(u1)x−α2(u2)x−α1−α2(u3) t1(r1)t2(r2)xα1(s1)xα2(s2)xα1+α2(s3),

with ui ∈ J , ri ≡ 1 (mod J), and s1 ≡ s2 (mod J). From gX0g
−1 = X0 we compute

xα1(1)xα2(1) =

= g′ xα1(s1)xα2(s2)xα1+α2(s3)xα1(1)xα2(1)
(
xα1(s1)xα2(s2)xα1+α2(s3)

)−1
(g′)−1 =

= g′ xα1(1)xα2(1)xα1+α2(d) (g
′)−1 =

= g′′ t1(r1)t2(r2)xα1(1)xα2(1)xα1+α2(d) t1(r
−1
1 )t2(r

−1
2 ) (g′′)−1

= g′′ xα1(r1)xα2(r2)xα1+α2(d
′) (g′′)−1

= x−α1(u1)x−α2(u2)x−α1−α2(u3)xα1(r1)xα2(r2)xα1+α2(d
′)×

× x−α1(−u1)x−α2(−u2)x−α1−α2(−u3).

Since r1, r2 ∈ R×, the right-hand side would contain negative root factors whenever u3 ̸= 0,
while the left-hand side does not; hence u3 = 0. Moreover, commuting x−αi(ui) past xαi(ri)
(rank-one relation) produces a nontrivial torus factor hαi(· · · ) whenever ui ̸= 0, which cannot
be absorbed because ri are units and no torus appears on the left; therefore u1 = u2 = 0.
Thus

g = t1(r1)t2(r2)xα1(s1)xα2(s2)xα1+α2(s3).

Finally, gX0g
−1 = X0 forces t1 = t2 = 1 (a nontrivial torus rescales xαi(1)), and the

field-step computation above gives s1 = s2. Hence for some a, b ∈ R,

g = xα1(a)xα2(a)xα1+α2(b).
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Global step. For general R, g centralizes X0 if and only if each localization gJ centralizes
(X0)J for all maximal J . By the local description,

gJ = xα1(aJ)xα2(aJ)xα1+α2(bJ).

By patching, there exist a, b ∈ R with these local images. The converse inclusion is immediate
from the displayed computations.

Proposition 4.1.

CGad(A2,R)(X0) =
{
xα1(a)xα2(a)xα1+α2(b)

∣∣∣ a, b ∈ R
}
.

4.3. Image of xα1+α2(1). Let X12 := φ
(
xα1+α2(1)

)
. Since φ is locally inner, X12 is

conjugate in the Chevalley group to xα1+α2(1). Moreover, by Proposition 4.1, X12 commutes
with X0, hence

X12 = xα1(a)xα2(a)xα1+α2(b) for some a, b ∈ R,

and for every maximal ideal J ⊂ R its localization (X12)J is conjugate to
(
xα1+α2(1)

)
J
in

Gad(A2, RJ).

Field step. Fix J and pass to the residue field kJ = RJ/RadRJ . Since xα1+α2(1) commutes
with all positive root unipotents, we may assume the conjugating element over kJ has the
form

g = t1(a1) t2(a2)xα1(b1)xα2(b2)xα1+α2(b3)w,

so that

(xα1(b1)xα2(b2)xα1+α2(b3))
−1 xα1(a

−1
1 a)xα2(a

−1
2 a)xα1+α2(a

−1
1 a−1

2 b)×
× xα1(b1)xα2(b2)xα1+α2(b3) = xw(α1+α2)(1).

Pushing xα1(b1) and xα2(b2) through gives

xα1(a
−1
1 a)xα2(a

−1
2 a)xα1+α2

(
−b2a

−1
1 a− b1a

−1
2 a+ a−1

1 a−1
2 b

)
= xw(α1+α2)(1).

If a ̸= 0 in kJ , then the left-hand side contains nontrivial xα1 and xα2 factors, which is
impossible for a single root element on the right. Hence a ≡ 0 (mod J) for every J , i.e.
a ∈ Rad(R). Then we see w(α1 + α2) = α1 + α2, which necessarily implies w = e.

Local step. Fix a maximal ideal J and work over the local ring RJ . As above, we may
take the conjugating element in the form

g = x−α1(c1)x−α2(c2)x−α1−α2(c3) t1(r1) t2(r2), ci ∈ Rad(RJ), ri ∈ R×
J .

Conjugating xα1+α2(r1r2) by x−α1−α2(c3) produces the torus factor hα1+α2(1 + c3); since

xα1(a)xα2(a)xα1+α2(b)

has no torus part, we must have c3 = 0. Hence

xα1(a)xα2(a)xα1+α2(b) = x−α1(c1)x−α2(c2)xα1+α2(r1r2)x−α2(−c2)x−α1(−c1) =

= x−α1(c1)xα1+α2(r1r2)xα1(±c2r1r2)x−α1(−c1) =

= xα1+α2(r1r2)xα2(±c1r1r2)hα1(1± c1c2r1r2)xα1(±c2r1r2)x−α1(. . . ).
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Since the left-hand side lies in the positive unipotent group U (no torus, no negative root
factors), we must have

hα1(1± c1c2r1r2) = 1 =⇒ c1c2 = 0,

and the negative factor x−α1(. . . ) must vanish in the product, which forces

c1 = ±c2, c21 = 0.

Comparing the remaining positive factors with xα1(a)xα2(a)xα1+α2(b) yields

b = r1r2 ∈ R×
J , a = ±c2 r1r2,

and therefore a2 = (c22) (r1r2)
2 = 0 in RJ .

Global step. We have shown for every localization RJ that b maps to a unit and a2 maps
to 0. Hence b ∈ R× and a2 = 0 in R. Summarizing:

Proposition 4.2. Let X12 = φ
(
xα1+α2(1)

)
. Then

X12 = xα1(a)xα2(a)xα1+α2(b) with a2 = 0 and b ∈ R×.

4.4. The image of xα1(1). Let X1 := φ(xα1(1)). Then X1 commutes with X12 in all
localizations and, hence, after reduction to every residue field. Recall from Subsection 4.3
that

X12 = xα1(a)xα2(a)xα1+α2(b), a2 = 0, b ∈ R×,

and in particular a = 0 in each residue field.

Field step. Let k be a residue field of R. We already know that in this case a = 0, so

X12 = xα1+α2(b), b ∈ k×.

Since X1 commutes with X12, it normalizes the one-parameter subgroup {xα1+α2(t) | t ∈ k}.
Write the Bruhat decomposition of X1:

X1 = t1(a1)t2(a2)xα1(b1)xα2(b2)xα1+α2(b3)w xα1(c1)xα2(c2)xα1+α2(c3),

where w is an element of the Weyl group of type A2.
Conjugating X12 = xα1+α2(b) by this element gives

X1 xα1+α2(b)X
−1
1 = t1(a1)t2(a2)xα1(b1)xα2(b2)xα1+α2(b3)w xα1+α2(b)w

−1×

×
(
xα1(b1)xα2(b2)xα1+α2(b3)

)−1
t1(a1)

−1t2(a2)
−1.

Since conjugation by ti(ai) acts by the root weights,

t1(a1)t2(a2)xα1+α2(b) t1(a1)
−1t2(a2)

−1 = xα1+α2(a
−1
1 a−1

2 b),

and conjugation byw sends xα1+α2(b) to xw(α1+α2)(±b). Thus the conditionX1xα1+α2(b)X
−1
1 =

xα1+α2(b) implies
xα1+α2(a

−1
1 a−1

2 b) = xw(α1+α2)(b).

Now, if w ̸= e, then w(α1 + α2) is a negative root, while the left side is a positive root
element, which is impossible. Hence w = e. With w = e, both sides correspond to the
same positive root, and equality of one-parameter subgroups gives a−1

1 a−1
2 = 1, i.e. a1a2 = 1.

Therefore in the field case w = e, a1a2 = 1.
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Local step. Fix a maximal ideal J ⊂ R and work over the local ring RJ . Write

X1 = t1(r1)t2(r2)xα1(s1)xα2(s2)xα1+α2(s3)x−α1(u1)x−α2(u2)x−α1−α2(u3),

with ui ∈ RadRJ . We also keep the form

X12 = xα1(a)xα2(a)xα1+α2(b), a2 = 0, b ∈ R×.

If u3 ≠ 0, conjugating xα1+α2(b) by x−α1−α2(u3) produces a nontrivial torus factor hα1+α2(1+
u3 · (· · · )) which cannot be absorbed; since b is a unit and no such torus appears on the
other side, we must have u3 = 0.

The commutativity X12X1 = X1X12 gives, after cancelling the common outer torus
t1(r1)t2(r2) and the positive unipotent block of X1,

xα1(r1a)xα2(r2a)xα1+α2(r1r2b)x−α1(u1)x−α2(u2)

= x−α1(u1)x−α2(u2)xα1(a)xα2(a)xα1+α2(b).

Moving x−αi(ui) through xαi(a) (rank-one identity) creates the torus factor hαi(1 + aui).
There is no torus factor on the left, hence

au1 = au2 = 0. (∗)
Reorder the right-hand side through xα1+α2(b) using the Chevalley relations; one gets

xα1(r1a)xα2(r2a)xα1+α2(r1r2b) = xα1(a± u2b)xα2(a± u1b)xα1+α2(b).

Comparing the α1- and α2-coordinates gives

r1a = a± u2b, r2a = a± u1b.

Since b ∈ R×, this shows that

u2 = ±(r1 − 1) b−1 a, u1 = ±(r2 − 1) b−1 a,

i.e.
u1 = aγ1, u2 = aγ2 for some γ1, γ2 ∈ RJ . (†)

With (†), any correction to the α1 + α2-coordinate coming from commuting x−αi(ui) past
xαi(a) is proportional to a2 and hence vanishes. Therefore comparing the α1+α2-coordinate
gives

r1r2 b = b =⇒ r1r2 = 1.

Set r := r1 ∈ 1 + J and write t1(r)t2(r
−1) for the outer torus. Using (†) we obtain the

normalized local expression

X1 = t1(r) t2(r
−1)xα1(s1)xα2(s2)xα1+α2(s3)x−α1(aγ1)x−α2(aγ2),

with a2 = 0 and b ∈ R× as above.
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4.5. Second constraint from the relation xα1(1)X0 = xα1+α2(1)X0 xα1(1). Applying φ
to this identity gives

X1X0 = X12X0X1.

Recall that in a localization RJ we have

X12 = xα1(a)xα2(a)xα1+α2(b), a2 = 0, b ∈ R×
J ,

and
X1 = t1(r) t2(r

−1)xα1(s1)xα2(s2)xα1+α2(s3)x−α1(aγ1)x−α2(aγ2).

In the special case u2 = 0 one has

x−α(u)xα(1) = hα(1− u)xα(1 + u)x−α(u). (4.1)

Applying (4.1) to x−αi(aγi)xαi(1) moves the negative root factors to the far right. Hence,
for comparing the T - and U+-parts in the identity X1X0 = X12X0X1, we may ignore the
common rightmost block and work with

X̃1 := t1(r) t2(r
−1)xα1(s1)xα2(s2)xα1+α2(s3).

Conjugating X0 past the torus gives

X0 t1(r) t2(r
−1) = t1(r) t2(r

−1)xα1(r
−1)xα2(r).

Multiplying X1X0 = X12X0X1 on the left by t1(r)
−1t2(r) we obtain an equality entirely

inside the positive unipotent subgroup:

xα1(s1)xα2(s2)xα1+α2(s3)xα1(1)xα2(1) =

= xα1(a)xα2(a)xα1+α2(b)xα1(r
−1)xα2(r)xα1(s1)xα2(s2)xα1+α2(s3). (4.2)

Using the standard order α1, α2, α1 + α2 and the relation

xα2(v)xα1(u) = xα1(u)xα2(v)xα1+α2(−uv),

the α1- and α2-parameters in (4.2) are

s1 + 1, s2 + 1 on the left, and r−1 + s1, r + s2 on the right.

Hence r = 1. For r = 1 the only contribution to the α1 + α2-coordinate comes from
commuting xα2(s2) past xα1(1). Comparing these parameters yields

b = s1 − s2,

which is a unit in RJ since b ∈ R×
J . Conjugating X1 by xα1(µ)xα2(µ) affects only the

α1 + α2-coordinate:

xα1(µ)xα2(µ)xα1(s1)xα2(s2)xα1+α2(s3)xα2(−µ)xα1(−µ) =

= xα1(s1)xα2(s2)xα1+α2

(
s3 + (s2 − s1)µ

)
.

Since b = s1−s2 is invertible, choosing µ = s3/b eliminates the α1+α2-component. Renaming
s := s2 (so s1 = b+ s) gives the local normal form

X1 = xα1(b+ s)xα2(s), b ∈ R×
J .
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4.6. Field conjugacy constraints for X1 and X2. Let J ⊂ R be a maximal ideal. Work
in the localization RJ with residue field kJ := RJ/RadRJ , and denote reduction modulo
RadRJ by a bar. From the previous subsection we have the local normal form

X1 = xα1(b+ s)xα2(s), b ∈ R×
J , s ∈ RJ . (4.3)

Since X0 = xα1(1)xα2(1), in the standard A2 realization one checks

X−1
0 xα1(1) = xα2(−1),

hence

X−1
2 = φ(xα2(−1)) = X−1

0 X1 = xα1(b+ s− 1)xα2(s− 1)xα1+α2(1− b− s). (4.4)

(Equivalently, in U one has

X2 = xα1(1− b− s)xα2(1− s)xα1+α2

(
s(s+ b− 1)

)
, (4.5)

obtained by inverting (4.4) inside the group U .)

A field criterion. Over the field kJ we identify Gad(A2, kJ) ≃ PGL3(kJ) using the standard
root subgroups. In this model, a root element satisfies

(g − I)2 = 0 and g ̸= I.

Since φ preserves conjugacy classes, the same nilpotency condition must hold for X1 and
X2. Write a general element of U(kJ) in the ordered form

u = xα1(u1)xα2(u2)xα1+α2(u3).

A direct matrix multiplication gives

u = I + u1E12 + u2E23 + (u3 + u1u2)E13, hence (u− I)2 = (u1u2)E13.

Therefore
(u− I)2 = 0 ⇐⇒ u1u2 = 0. (4.6)

From (4.3) we have
X1 = xα1(b+ s)xα2(s).

Applying (4.6) yields
s (b+ s) = 0.

Since b ̸= 0 in kJ , there are only two possibilities:

either s = 0, or b+ s = 0.

From (4.4),

X−1
2 = xα1(b+ s− 1)xα2(s− 1)xα1+α2(1− b− s).

Applying (4.6) again gives
(b+ s− 1)(s− 1) = 0.

Combining with the two alternatives above, we obtain exactly two mutually exclusive
reductions:

Case I: s = 0 forces b = 1. Equivalently,

s ∈ RadRJ , b ≡ 1 (mod J).

Case II: b+ s = 0 forces s = 1 and hence b = −1. Equivalently,

s ≡ 1 (mod J), b ≡ −1 (mod J).
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Over kJ this means

X1 = xα2(1), X2 = xα1(1)xα1+α2(−1).

4.7. The images of diagonal involutions. The involution hα1(−1) commutes with xα1(1)
and inverts xα2(1). The involution hα2(−1) commutes with xα2(1) and inverts xα1(1). They
commute, and their product hα1+α2(−1) commutes with xα1+α2(1), inverts xα1(1) and
xα2(1), and

X
hα1+α2 (−1)
0 = xα1(−1)xα2(−1) = xα2(−1)xα1(−1)xα1+α2(1) = X−1

0 xα1+α2(1).

Set
H1 = φ

(
hα1(−1)

)
, H2 = φ

(
hα2(−1)

)
, H12 = φ

(
hα1+α2(−1)

)
.

The element H12 modulo the radical. Since H12 commutes with X12, passing modulo
the radical we obtain

hα1(a1)hα2(a2)xα1(b1)xα2(b2)xα1+α2(b3)w xα1(c1)xα2(c2)xα1+α2(c3)xα1+α2(b) =

= xα1+α2(b)hα1(a1)hα2(a2)xα1(b1)xα2(b2)xα1+α2(b3)w xα1(c1)xα2(c2)xα1+α2(c3).

This simplifies to
xw(α1+α2)(b) = xα1+α2(a1a2 b),

hence w(α1 + α2) = α1 + α2 (so w = e) and a1a2 = 1. Using H2
12 = 1, we have

hα1(a1)hα2(1/a1)xα1(b1)xα2(b2)xα1+α2(b3) =

= xα1+α2(−b3)xα2(−b2)xα1(−b1)hα1(1/a1)hα2(a1) =

= hα1(1/a1)hα2(a1)xα2(−b2/a1)xα1(−a1b1)xα1+α2(−b3).

It follows that a1 = ±1 and 2b3 = b1b2. The case a1 = 1 forces b1 = b2 = 0, which is
impossible; hence a1 = a2 = −1 and

H12 ≡ hα1(−1)hα2(−1)xα1(b1)xα2(b2)xα1+α2

(
−b1b2

2

)
(mod Rad).

Next, from
H12X0 = X−1

0 xα1+α2(b)H12

we get (still modulo the radical)

xα1(b1+1)xα2(b2+1)xα1+α2(−b2) = xα1(1+b1)xα2(1+b2)xα1+α2(b− 1− b1),

hence
b1 − b2 = b− 1.

Using H12 xα1(1) = xα1(−1)H12 we obtain

xα1(b1)xα2(b2)xα1(b+ s)xα2(s) = xα2(s)xα1(b+ s)xα1(b1)xα2(b2),

so
b2(b+ s) = s (b+ b1 + s).

If b = 1 and s = 0, then b1 = b2 and necessarily b2 = 0, hence H12 ≡ hα1+α2(−1) (mod Rad).
If b = −1 and s = 1, then b1 = 0 and b2 = 2. Thus over the residue field there are exactly
two possibilities:

H12 ≡ hα1+α2(−1) or H12 ≡ hα1+α2(−1)xα2(2) (mod Rad).
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The element H12 over RJ . Consider H12 in a local ring RJ . In both cases it admits a
short Gauss decomposition, and from

hα1(a1)hα2(a2)xα1(b1)xα2(b2)xα1+α2(b3)x−α1(c1)x−α2(c2)x−α1−α2(c3)xα1+α2(b)

= xα1+α2(b)hα1(a1)hα2(a2)xα1(b1)xα2(b2)xα1+α2(b3)x−α1(c1)x−α2(c2)x−α1−α2(c3)

we get c3 = 0, then c1 = c2 = 0, and finally a1a2 = 1. From the involutivity of H12 we
deduce b3 = −b1b2/2 and a1 = −1; as in the field case,

b1 − b2 = b− 1.

Thus

H12 = hα1(−1)hα2(−1)xα1(b1)xα2(b1+1−b)xα1+α2

(
−b1 (b1+1−b)

2

)
.

The image of hα1(−1). Now determine H1 = φ(hα1(−1)). Modulo the radical, H1

commutes with H12, inverts X12, commutes with X1, and has order 2. Write

H1 = hα1(a1)hα2(a2)xα1(c1)xα2(c2)xα1+α2(c3)w xα1(d1)xα2(d2)xα1+α2(d3).

From X12H1 = H1X
−1
12 we get w(α1 + α2) = α1 + α2, i.e. w = e, and a1a2 = −1. Using

that H1 commutes with X1 = xα1(b+ s)xα2(s) we have

hα1(a1)hα2(−1/a1)xα1(c1)xα2(c2)xα1(b+ s)xα2(s) =

= xα1(b+ s)xα2(s)hα1(a1)hα2(−1/a1)xα1(c1)xα2(c2).

In the case b = 1, s = 0 this gives a1 = −1 and c2 = 0, so

H1 = hα1(−1)xα1(c1)xα1+α2(c3),

and since H2
1 = 1 we must have

H1 = hα1(−1)xα1+α2(c3).

Commuting with H12 yields b1 ≡ 0 (mod Rad), i.e. over the field H12 = hα1+α2(−1). In
the case b+ s = 0, s = 1 (equivalently b = −1) we get a1 = 1 and c1 = 0:

H1 = hα2(−1)xα2(c2)xα1+α2(c3),

and the involution condition gives

H1 = hα2(−1)xα1+α2(c3).

Commuting with H12 then shows b1 = 0 and in this case

H12 = hα1+α2(−1)xα2(2).

Over the local ring RJ , in both cases H1 admits a short Gauss decomposition. From
H1X12 = X−1

12 H1 we obtain

H1 = hα1(a1)hα2(−1/a1)xα1(c1)xα2(c2)xα1+α2(c3),

and from H1 commuting with X1 one gets a1 = ±1; thus either s = 0 or b+ s = 0. Therefore
either X1 = xα1(b) or X1 = xα2(s). In the first case c2 = 0, in the second case c1 = 0, and
together with H2

1 = 1 we obtain

H1 = hα1(−1)xα1+α2(c3) or H1 = hα2(−1)xα1+α2(c3).

Finally, using that H1 and H12 commute, we get in the first case

b1 + 1− b = 0, b1 = b− 1, H12 = hα1(−1)hα2(−1)xα1(b− 1),
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and in the second case

b1 = 0, H12 = hα1(−1)hα2(−1)xα2(1− b).

Thus, at this stage we have either

X1 = xα1(b), X2 = xα1(1− b)xα2(1),

H12 = hα1+α2(−1)xα1(b− 1), H1 = hα1(−1)xα1+α2(c),

or

X1 = xα2(−b), X2 = xα1(1)xα2(1 + b)xα1+α2(−b),

H12 = hα1+α2(−1)xα2(1− b), H1 = hα2(−1)xα1+α2(c).

Clearly H2 = φ(hα2(−1)) = H1H12. Since H2 commutes with X2, in the first case one
obtains b = 1; in the second case one obtains b = −1. Therefore, in the first case

φ
(
xα(1)

)
= xα(1) for all positive roots α ∈ Φ+,

and the diagonal involutions are mapped as follows: φ(hα1(−1)) = hα1(−1)xα1+α2(c),
φ(hα2(−1)) = hα2(−1)xα1+α2(c), φ(hα1+α2(−1)) = hα1+α2(−1). Conjugation by the element
xα1+α2(c/2) eliminates the extra xα1+α2(c)-factors. In the second case, after conjugation by
the same element xα1+α2(c/2), we get

φ(xα1(1)) = xα2(1), φ(xα2(1)) = xα1(1)xα1+α2(1),

φ(xα1+α2(1)) = xα1+α2(−1), φ(hα1(−1)) = hα2(−1),

φ(hα2(−1)) = hα1(−1)xα2(2).

4.8. The image of wα1(1) in the first case. Let W1 := φ
(
wα1(1)

)
. Recall the standard

relations
W 2

1 = H1, W1H2 = H12W1, W1X2 = X12W1.

Over a residue field, writing W1 in Bruhat form and using successively the relations above,
one gets w = sα1 and then

W1 = hα1(a1)hα2(a2)wα1(1).

From W 2
1 = H1 one obtains a2 = 1, and from W1X2 = X12W1 one gets a1 = 1. Hence,

modulo the radical,
W1 ≡ wα1(1).

Over a local ring one writes

W1 = wα1(1)hα1(a1)hα2(a2)xα1(b1)xα2(b2)xα1+α2(b3)x−α1(c1)x−α2(c2)x−α1−α2(c3),

with all parameters in the radical except possibly a1, a2. The relations H1W1H1 = W1 and
H2W1 = W1H12 imply

b2 = b3 = c2 = c3 = 0, b1 = c1 = 0.

Then W 2
1 = H1 gives a2 = 1, and W1X2 = X12W1 forces a1 = 1. Thus

φ
(
wα1(1)

)
= wα1(1)

in the first case.
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4.9. The image of wα1(1) in the second case. Let again W1 := φ
(
wα1(1)

)
. Over a

residue field, the relations

W 2
1 = H1, W1H2 = H12W1, W1X2 = X12W1

lead to
W1 = xα2(−1)wα2(1)xα2(1)

modulo the radical. Conjugating our endomorphism by xα2(1), we obtain over the residue
field exactly the graph automorphism interchanging the simple roots. It therefore suffices to
find an element which is not conjugate to its image under this graph automorphism.

Proposition 4.3. Let R be a commutative ring and let Gad(A2, R) be the adjoint Chevalley
group of type A2 over R. Set γ = α1 + α2 and consider

Y = xα1(1)wγ(1)xα2(1) ∈ Gad(A2, R).

Let φ be the automorphism of Gad(A2, R) such that

φ(x±α1(1)) = x±α2(1), φ(x±α2(1)) = x±α1(1).

Then, if R has at least one localization by a maximal ideal with residue field of characteristic
̸= 7, the elements Y and φ(Y ) are not conjugate in Gad(A2, R).

Proof. Assume that Y and φ(Y ) are conjugate over R. Then they remain conjugate over
every localization Rm, and hence also over the residue field of every such localization. Choose
a maximal ideal m for which the residue field has characteristic different from 7. Reducing
to that residue field and then passing to an algebraic closure, we may work inside PGL3(K)
for an algebraically closed field K with charK ̸= 7. In the standard realization,

wγ(1) =

 0 0 1
0 1 0
−1 0 0

 , Y =

 0 1 2
0 1 1
−1 0 0

 .

Since the graph automorphism sends xγ(1) to xγ(−1), it sends wγ(1) to wγ(−1), and
therefore φ(Y ) lifts to

Y ′ =

0 0 −1
1 2 0
1 1 0

 .

If Y and Y ′ were conjugate in PGL3(K), then there would exist g ∈ GL3(K) and λ ∈ K∗

such that gY g−1 = λY ′. Comparing determinants gives λ3 = 1, while comparing traces
gives 1 = 2λ, so λ = 1/2. Hence 23 = 1 in K, i.e. 7 = 0, a contradiction.

It remains to treat the case where every residue field has characteristic 7. Define

w̃α := xα(3)x−α(−5)xα(3)

and
h̃α(3) := w̃αwα(1)

−1.

For every maximal ideal m, in the residue field of characteristic 7 one has 3−1 = 5, so h̃α(3)
reduces to hα(3). Now set

Y := xα1(1)x−α1(2) h̃α2(3).

Its image under the graph automorphism becomes

φ(Y ) = xα2(1)x−α2(2) h̃α1(3).
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Reducing to any residue field k of characteristic 7, these elements lift to the matrices

A =

3 3 0
2 3 0
0 0 5

 , B =

3 0 0
0 1 1
0 3 1

 .

If the images of A and B were conjugate in PGL3(k), then there would exist u ∈ GL3(k) and
λ ∈ k× such that uAu−1 = λB. Comparing determinants gives λ3 = 1, whereas comparing
traces gives λ = 4/5. In characteristic 7 this is impossible, since (4/5)3 ̸= 1. Thus Y and
φ(Y ) are not conjugate. Therefore the second case is impossible.

We conclude that all xα(1), α ∈ Φ, are mapped identically.

4.10. The images of all xα(r). Since each root subgroup

Xα = {xα(r) | r ∈ R }
is the double centralizer of xα(1), we have

φ(xα(r)) = xα(r
′), r′ = ρ(r),

where ρ : R → R is some ring endomorphism. Let us prove that ρ = idR. For type A2 the
trace in the adjoint representation satisfies

F (s, t) := tr
(
xα(t)x−α(s)

)
= s2t2 − 6st+ 8.

Since φ is locally inner, trace is preserved:

F (s, t) = F (ρ(s), ρ(t)) (s, t ∈ R).

Fix s = 1 and write

F (t) = t2 − 6t+ 8, F̂ (t) = ρ(t)2 − 6ρ(t) + 8.

Compute
∆(t) := [F (t+1) + F (−t−1)]− [F (t) + F (−t)] = 4t+ 2,

and the same formula with ρ(t) in place of t gives

∆̂(t) = 4ρ(t) + 2.

From the trace identity, ∆(t) = ∆̂(t), hence

4(ρ(t)− t) = 0 ∀ t ∈ R.

Since 2 ∈ R×, also 4 ∈ R×, so ρ(t) = t for all t ∈ R. Thus

φ(xα(t)) = xα(t) (∀α ∈ Φ, ∀ t ∈ R).

As the elementary adjoint group Ead(A2, R) is generated by all root subgroups, the nor-
malized endomorphism φ is the identity on Ead(A2, R). Undoing the normalization, every
locally inner endomorphism of Ead(A2, R) is inner.

Theorem 4.4. Let R be a commutative ring with 1/2 ∈ R. Then every locally inner
endomorphism of the elementary adjoint Chevalley group Ead(A2, R) is inner. Equivalently,
Ead(A2, R) is Sha-rigid.

Proof. By the computation above, after an inner normalization φ fixes every root subgroup
Xα pointwise, hence φ = id on Ead(A2, R). Undoing the normalization yields that the
original locally inner endomorphism is inner.
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4.11. Sha-rigidity of the adjoint group Gad(A2, R).

Theorem 4.5. Let R be a commutative ring with 1/2 ∈ R. Then every locally inner
endomorphism of the adjoint Chevalley group Gad(A2, R) is inner. Equivalently, Gad(A2, R)
is Sha-rigid.

Proof. Let φ : Gad(A2, R) → Gad(A2, R) be a locally inner endomorphism. By Theorem 4.4,
after an inner normalization φ is the identity on the elementary subgroup Ead(A2, R), which
is normal in Gad(A2, R). Take any g ∈ Gad(A2, R) and any root element x = xα(1) ∈
Ead(A2, R). Then g x g−1 ∈ Ead(A2, R), and hence

φ(gxg−1) = gxg−1 = φ(g)xφ(g)−1.

Therefore g−1φ(g) centralizes Ead(A2, R). For Chevalley groups of rank at least 2 the
centralizer of the elementary subgroup coincides with the center, and in the adjoint group
the center is trivial. Hence g−1φ(g) = 1 and φ(g) = g for all g, i.e. φ = id. Undoing the
normalization shows that every locally inner endomorphism of Gad(A2, R) is inner.

Theorem 1.1 is completely proved for the case A2.

5. Sha-rigidity of the adjoint Chevalley groups of type B2

5.1. Set-up and normalization. Let φ : Ead(B2, R) → Ead(B2, R) be locally inner.
Throughout we assume 2 ∈ R×. Fix simple roots α (long) and β (short), so that

Φ+ = {α, β, α+ β, α+ 2β}.
Set

X0 := xα(1)xβ(1).

As in the case A2, composing φ with a suitable inner automorphism we may and do assume

φ(X0) = X0.

5.2. Relations used. We only need the following standard Chevalley commutators in type
B2:

[xα(t), xβ(s)] = xα+β(−ts)xα+2β(−ts2), (5.1)

[xα+β(t), xβ(s)] = xα+2β(−2ts). (5.2)

In particular, inside U+ the root subgroup Xα+2β commutes with Xα, Xβ and Xα+β.
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5.3. The special element X0 and its centralizer. We first determine the centralizer
C(X0) inside U+. As in A2, one checks by reducing to residue fields that any g ∈ C(X0)
must lie in U+. Hence every element of C(X0) has a unique form

g = xα(b1)xβ(b2)xα+β(b3)xα+2β(d), b1, b2, b3, d ∈ R.

Since xα+2β(d) commutes with X0, the condition gX0 = X0g reduces to

xα(b1)xβ(b2)xα+β(b3)xα(1)xβ(1) = xα(1)xβ(1)xα(b1)xβ(b2)xα+β(b3). (5.3)

Using (5.1) and (5.2) and collecting factors in the standard U+-order (α, β, α+ β, α+ 2β),
one obtains an equality in U+ equivalent to

1 = xα+β(b1 − b2)xα+2β

(
b1 + b22 − 2b1 − 2b1b2 + 2b2 + 2b3

)
. (5.4)

By uniqueness of coordinates in U+ we get b1 = b2 =: b, and then

0 = b− b2 + 2b3 ⇐⇒ b3 =
b2 − b

2
.

Thus we have proved:

Lemma 5.1. The centralizer of X0 in U+ consists precisely of the elements

xα(b)xβ(b)xα+β

(
b2 − b

2

)
xα+2β(d), b, d ∈ R.

5.4. The image of xα+2β(1). Set

X4 := φ(xα+2β(1)).

Since xα+2β(1) commutes with X0, also X4 ∈ C(X0). By Lemma 5.1 we may write

X4 = xα(a)xβ(a)xα+β

(
a2 − a

2

)
xα+2β(b), a, b ∈ R. (5.5)

We now show that necessarily a = 0. Fix a maximal ideal J and work in the local ring RJ .
Reducing modulo J , the element X4 is conjugate in Gad(B2, kJ) to xα+2β(1), hence its α-

and β-coordinates vanish; in particular a = 0, i.e. a ∈ RadRJ . Let c ∈ R×
J be such that

X4 is conjugate in Gad(B2, RJ) to xα+2β(c). As in the A2 case, we may take a conjugating
element in short Gauss form

g = t · x−β(u)x−α−β(v)x−α−2β(w), u, v, w ∈ RadRJ .

Writing the conjugacy equation X4 g = g xα+2β(c) and commuting x−α−2β(w) past xα+2β(c)
produces the torus factor hα+2β(1 + wc). Comparison of torus parts yields

hα+2β(1 + wc) = hβ
(
1 + uvc(1 + wc)

)
. (5.6)

Since hα+2β(·) and hβ(·) are independent in the adjoint torus and c ∈ R×
J , (5.6) implies

w = 0 and then uv = 0. With w = 0 and uv = 0, the conjugacy equation simplifies to an
equality in U+U−. A short calculation using (5.1) gives the relations

a = vc = u2c, 2uc = a(a− 1).

Since uv = 0 and u, v ∈ RadRJ , we get a2 = 0 and hence u2 = 0, so the above relations
give a = 0. Thus X4 = xα+2β(b) with b ∈ R×

J . Since J was arbitrary, we conclude globally:
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Lemma 5.2. One has

X4 = φ(xα+2β(1)) = xα+2β(b) for some b ∈ R×.

5.5. The image of xα+β(1). Put

X3 := φ(xα+β(1)).

Then X3 commutes with X4, and applying φ to the identity [xα+β(1), X0] = xα+2β(−2)
gives

[X3, X0] = X−2
4 = xα+2β(−2b). (5.7)

Moreover, for every J the reduction X3 is conjugate to xα+β(1) over kJ .

Proposition 5.3. After conjugating φ by an element of the centralizer C(X0), we may
assume

X3 = xα(s)xβ(s)xα+β

(
b+

s2 − s

2

)
, s ∈ RadRJ in each localization RJ . (5.8)

Proof. Over kJ , commuting with X4 = xα+2β(b) forces the Weyl part in the Bruhat decom-

position of X3 to be trivial. Lifting to RJ and using the same short Gauss comparison as in
the case A2, all U

−-parameters vanish and the torus part must be trivial. We are left with

X3 = xα(b1)xβ(b2)xα+β(b3)xα+2β(b4), b1, b2 ∈ RadRJ .

Substituting into (5.7) and comparing U+-coordinates yields b2 = b1 and b3 = b +
b21−b1

2 ,
while b4 can be killed by conjugating with a suitable element of C(X0).

5.6. The images of xα(1) and xβ(1). Let X1 := φ(xα(1)) and X2 := φ(xβ(1)). Since
φ(X0) = X0, we have

X0 = X1X2. (5.9)

Applying φ to [xα(1), X0] = xα+β(1)xα+2β(1) gives

[X1, X0] = X3X4. (5.10)

Finally, X1 commutes with X3 and X4. Reducing modulo J , the commutation with X4 and
X3 forces

X1 = xα(λ)xα+2β(µ).

Substituting into (5.10) and comparing the Xα-parameter gives λ = b. Then from (5.9) we
compute

X2 = X
−1
1 X0 = xα(1− b)xβ(1)xα+2β(∗).

Since X2 must be conjugate to xβ(1), the extra xα(1− b) factor must be trivial; hence b = 1.

Thus X4 = xα+2β(1) and X3 = xα+β(1). Over a local ring, the same short Gauss argument
as in the A2 case shows that X1 has no U− part and no torus part. Hence X1 ∈ U+ and,
from the commutation with X3 and X4, necessarily

X1 = xα(1)xα+2β(c) for some c ∈ RJ .

Then (5.9) gives
X2 = X−1

1 X0 = xβ(1)xα+2β(−c).
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Summarizing, after our normalizations we have in every localization:

X1 = xα(1)xα+2β(c), (5.11)

X2 = xβ(1)xα+2β(−c),

X3 = xα+β(1), X4 = xα+2β(1).

5.7. The image of the diagonal involution. In type B2 the only nontrivial diagonal
involution in the adjoint group is hα(−1). Let

H1 := φ(hα(−1)).

Then H1 commutes with X1 and X4 and inverts X2 and X3. Over kJ , commuting with
xα+2β(1) forces the Weyl part in the Bruhat decomposition ofH1 to be trivial, and commuting

with xα(1) forces H1 into the Borel subgroup with no xβ(·) factor. The inversion of

X3 = xα+β(1) forces the torus part to be hα(−1), and the condition H
2
1 = 1 kills the

xα+2β-coordinate. Thus

H1 = hα(−1)xα+β(c).

Lifting to RJ via the same Gauss comparison as in the case A2, we obtain the identical
statement over RJ :

H1 = hα(−1)xα+β(c), (5.12)

with the same parameter c as in (5.11).

5.8. The image of wβ(1) and elimination of c. Let W2 := φ(wβ(1)). We use the standard
relations

W2X3 = X−1
3 W2, W2X1 = X4W2, [W2, H1] = 1, W 2

2 = 1.

From W2X1 = X4W2 with X1 = xα(1)xα+2β(c) and X4 = xα+2β(1), the Weyl part of W 2

must send α to α+ 2β, hence it is wβ. Then W2X3 = X−1
3 W2 forces the torus part to be

trivial and kills the xβ(·) coordinate. The commutation with H1 = hα(−1)xα+β(c) then

forces c = 0. Thus X1 = xα(1), X2 = xβ(1), and H1 = hα(−1). Over a local ring, writing
W2 in short Gauss form with Weyl part wβ(1) and radical parameters, one shows in the
same way that all extra parameters vanish and that necessarily c = 0. Hence

W2 = wβ(1).

Arguing exactly as above, one likewise gets φ(wα(1)) = wα(1). Therefore, after all normal-
izations we have

φ(xα(1)) = xα(1), φ(xβ(1)) = xβ(1),

φ(xα+β(1)) = xα+β(1), φ(xα+2β(1)) = xα+2β(1),

and also φ(hα(−1)) = hα(−1).



Vol. 18:2 SHA-RIGIDITY OF LOW-RANK ADJOINT CHEVALLEY GROUPS 1:25

5.9. Finalization of B2. Since φ fixes wα(1) and wβ(1) and hence normalizes the torus
action, it preserves each root subgroup. Thus for every root γ there is a ring endomorphism
ργ : R → R such that

φ
(
xγ(r)

)
= xγ(ργ(r)).

Now use local innerness. For a long root γ in type B2 one has

tr
(
xγ(t)x−γ(s)

)
= s2t2 − 6st+ 10.

Hence
s2t2 − 6st = ργ(s)

2ργ(t)
2 − 6ργ(s)ργ(t).

As in the case A2, applying the symmetric difference trick in the variable t gives

ργ(t) = t ∀ t ∈ R.

Thus φ is the identity on all long root subgroups. Finally, the commutator relation (5.1)
with t = 1 shows that the short-root maps must also be the identity: since

[xα(1), xβ(s)] = xα+β(−s)xα+2β(−s2),

applying φ and using that ρα = ρα+2β = id yields

xα+2β

(
−ρβ(s)

2
)
= xα+2β(−s2),

hence ρβ(s)
2 = s2 for all s. Because ρβ(1) = 1 and ρβ is additive, we get ρβ = id, and then

also ρα+β = id. Therefore φ is the identity on all root subgroups and hence on Ead(B2, R).
Undoing the initial normalization, we conclude that every locally inner endomorphism of
Ead(B2, R) is inner.

Theorem 5.4. Let R be a commutative ring with 1/2 ∈ R. Then every locally inner
endomorphism of Ead(B2, R) is inner. Equivalently, Ead(B2, R) is Sha-rigid.

Theorem 5.5. Let R be a commutative ring with 1/2 ∈ R. Then every locally inner
endomorphism of Gad(B2, R) is inner. Equivalently, Gad(B2, R) is Sha-rigid.

Proof. By Theorem 5.4, after an inner normalization a locally inner endomorphism of
Gad(B2, R) acts trivially on Ead(B2, R). Since B2 has rank 2, the subgroup Ead(B2, R)
is normal in Gad(B2, R), and the same argument as in the proof of Theorem 4.5 shows
that the endomorphism is trivial after normalization. Undoing the normalization yields the
claim.

This completes the proof of Theorem 1.1 for the case B2.

6. Sha-rigidity of the adjoint Chevalley groups of type G2

Throughout this section R is a commutative ring with 2, 3 ∈ R×. For brevity we write

E(G2) = Ead(G2, R), G(G2) = Gad(G2, R).

Fix the root system Φ of type G2 with simple roots α (long) and β (short). The set of
positive roots is

Φ+ = {α, β, α+ β, α+ 2β, α+ 3β, 2α+ 3β}.
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6.1. Commutators. For each root γ ∈ Φ and each parameter t ∈ R let xγ(t) denote the
corresponding root element. We use the normalization in which the commutator relations
for the simple roots take the form

[xα(t), xβ(u)] = xα+β(tu)xα+3β(−tu3)xα+2β(−tu2)x2α+3β(t
2u3), (6.1)

[xα+β(t), xβ(u)] = xα+2β(2tu)xα+3β(3tu
2)x2α+3β(3t

2u), (6.2)

[xα(t), xα+3β(u)] = x2α+3β(tu), (6.3)

[xα+2β(t), xβ(u)] = xα+3β(−3tu), (6.4)

[xα+β(t), xα+2β(u)] = x2α+3β(3tu). (6.5)

For any pair of roots γ, δ ∈ Φ such that γ + δ is not a root and γ ̸= −δ, the corresponding
root subgroups commute. All relations involving negative roots are recovered from (6.1)–(6.5)
using the action of the Weyl group and rank-one calculus.

6.2. The centralizer of the element X0. Let X0 := xα(1)xβ(1). As in the previous
sections, if g ∈ G(G2) commutes with X0, then every localization gJ commutes with (X0)J ,
and after reduction modulo the radical the image commutes with X0 over the residue field.
The same argument as before yields

CG(G2)(X0) ⊆ U.

Take an arbitrary element

xα(b1)xβ(b2)xα+β(b3)xα+2β(b4)xα+3β(b5)x2α+3β(b6)

and impose the condition that it centralizes X0. Comparing the xα+β(·)-coordinate on
both sides immediately gives b1 = b2 =: b. A direct computer calculation in the adjoint
representation then gives

b3 =
b− b2

2
, (6.6)

b4 = −2b3

3
+

b2

2
+

b

6
, (6.7)

b5 =
3b4

4
− b3

2
− b2

4
, (6.8)

while the parameter b6 is arbitrary. Thus the centralizer of X0 in U is precisely the set of
elements

xα(b)xβ(b)xα+β

(
b− b2

2

)
xα+2β

(
−2b3

3
+

b2

2
+

b

6

)
xα+3β

(
3b4

4
− b3

2
− b2

4

)
x2α+3β(d)

with b, d ∈ R.

6.3. The image of x2α+3β(1). Let X6 := φ(x2α+3β(1)). Since x2α+3β(1) commutes with
X0, also X6 lies in the centralizer of X0. Therefore over every localization we may write

X6 = xα(b)xβ(b)xα+β

(
b− b2

2

)
xα+2β

(
−2b3

3
+

b2

2
+

b

6

)
xα+3β

(
3b4

4
− b3

2
− b2

4

)
x2α+3β(d),

where b ∈ RadR and d ∈ R∗. Since X6 is conjugate to x2α+3β(1), there exists a conjugating
element of the form

g = x−α(c1)x−α−β(c2)x−α−2β(c3)x−α−3β(c4)x−2α−3β(c5)
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after absorbing the torus part into the parameter of the highest root element. We consider
the relation expressing that x2α+3β(a) and X6 are conjugate, where a ∈ R∗. A direct
computer calculation in the adjoint representation gives a sequence of constraints. From
the (1, 2)-entry one gets b2c4 = 0. Then the (1, 1)-entry gives ac5 = 0, hence c5 = 0. The
(1, 6)-entry yields c33 = 0. Using subsequently the (1, 4)-, (3, 5)-, (1, 3)-, (4, 5)-, (3, 1)-, and
(3, 2)-entries, one obtains

b = ac22, c4 = c22, c23 = −c32,

and finally c42 = 0, so b2 = 0. Then the (5, 4)-entry gives bc1 = 0, and considering all these
relations together, the (2, 14)-entry becomes

2b = 0.

Since 2 ∈ R×, it follows that b = 0. Therefore we may assume

X6 = x2α+3β(a), a ∈ R∗.

6.4. The image of xα+3β(1). Now let X5 := φ(xα+3β(1)). Then X5 commutes with X6,
satisfies

[X5, X0] = X−1
6 ,

and is conjugate to xα+3β(1). Over a field, commuting with X6 = x2α+3β(a) leaves only
two possible Bruhat forms. The form involving a Weyl factor wβ(1)xβ(c) is immediately
impossible from the uniqueness of the Bruhat decomposition. Hence over a field we may
write

X5 = t1(b
3)t2(1/b

2)xα(b1)xβ(b2)xα+β(b3)xα+2β(b4)xα+3β(b5)x2α+3β(b6).

Using the commutator relation with X0 and simplifying, one gets b = 1 and b1 = b2. A
direct matrix calculation then yields

b3 =
b1 − b21

2
, b4 =

−4b31 + 3b21 + b1
6

, b5 = a+
3b41 − 2b31 − b21

4
.

Since X5 is conjugate to xα+3β(1), the conjugating element may be assumed to have the
form g = t1(a1)t2(a2)xα(p). As in the previous sections, comparison of the xα(·)-coordinate
forces b1 = 0. Hence over the field

X5 = xα+3β(a)x2α+3β(b6).

Passing to a local ring and repeating the same short Gauss comparison, one sees that the
negative-root part vanishes and that

X5 = C · xα+3β(a), C ∈ C(X0).
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6.5. The image of xα+2β(1). Let now X4 = φ(xα+2β(1)). Then X4 commutes with X5

and X6. Over a field, commuting with X6 again leaves two possible forms; the one involving
a Weyl factor is incompatible with commuting with X5. Hence over a field

X4 = t1(s
3)t2(1/s

2)xα(b1) · · ·x2α+3β(b6),

and commuting with X5 gives b1 = 0 and s3 = 1. Using the relation

[X4, X0] = X−3
5 X−3

6 ,

one compares the coordinates and obtains first s2 = 1, hence s = 1. A direct matrix
calculation then yields

b2 = 0, b3 = 0, b4 = a, b5 = 3d,

where X5 = xα+3β(a)x2α+3β(d). Thus over the field

X4 = xα+2β(a)xα+3β(3d)x2α+3β(e).

Over a local ring the same short Gauss argument removes the negative-root factor and the
torus part, and one arrives at the same expression:

X4 = xα+2β(a)xα+3β(3d)x2α+3β(e). (6.9)

6.6. The image of xα+β(1). Let X3 := φ(xα+β(1)). Then X3 commutes with X6 and X5,
and also

[X3, X4] = X3
6 , [X3, X0] = X2

4X
3
5X

6
6 .

Over a field, commuting with X5 and X6 implies that

X3 = t2(b)xβ(b2)xα+β(b3)xα+2β(b4)xα+3β(b5)x2α+3β(b6), b3 = 1.

Using [X3, X4] = X3
6 and (6.9), we obtain successively b = 1, b2 = 0, and b3 = 1. Thus over

a field,
X3 = xα+β(1)xα+2β(b4)xα+3β(b5)x2α+3β(b6).

The same form holds over local rings. Now use the relation [X3, X0] = X2
4X

3
5X

6
6 . Comparing

the xα+2β(·)-coordinate gives a = 1 in (6.9). Simplifying the remaining coordinates, we
obtain

b4 = −2d, b5 = 3d− 2e,

so that
X3 = xα+β(1)xα+2β(−2d)xα+3β(3d− 2e)x2α+3β(f) (6.10)

for some f ∈ R.
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6.7. The images of xα(1) and xβ(1). Now let X1 := φ(xα(1)) and X2 := φ(xβ(1)). We
know that X1 commutes with X3, X4, X6, and that

[X1, X5] = X6, [X1, X0] = X3X
−1
4 X−1

5 .

As in the previous cases, commuting with X6 implies that over a field

X1 = t1(b
3)t2(1/b

2)xα(b1)xβ(b2)xα+β(b3)xα+2β(b4)xα+3β(b5)x2α+3β(b6).

Using [X1, X5] = X6 gives b3 = 1 and b1 = 1. Commuting with X4 then yields b = 1, b2 = 0,
and b3 = −d. Commuting with X3 gives

b4 = 2d2 + d− 2

3
e.

Finally, from [X1, X0] = X3X
−1
4 X−1

5 one obtains

e =
3

2
(d2 + d), b5 = −3

2
d2 +

5

2
d− f.

Therefore

X1 = xα(1)xα+β(−d)xα+2β(d
2)xα+3β

(
−3

2
d2 +

5

2
d− f

)
x2α+3β(k),

and

X2 = X−1
1 X0 = xβ(1)xα+β(d)xα+2β(−d2+2d)xα+3β

(
9

2
d2 − 11

2
d+ f

)
x2α+3β(3d

3−3d2−k).

Since xα(1) and X1 are conjugate, we may use the fact that (X1 − 1)3 = 0; this gives the
additional relation

f = −d3 − 3

2
d2 +

5

2
d.

Likewise, since xβ(1) and X2 are conjugate, (X2 − 1)4 = 0, which yields

k =
1

4
d4 +

3

2
d3 +

1

4
d2.

Substituting these expressions we obtain

X1 = xα(1)xα+β(−d)xα+2β(d
2)xα+3β(d

3)x2α+3β

(
1

4
d4 +

3

2
d3 +

1

4
d2
)
, (6.11)

X2 = xβ(1)xα+β(d)xα+2β(−d2 + 2d)xα+3β(−d3 + 3d2 − 3d)x2α+3β

(
−1

4
d4 +

3

2
d3 − 13

4
d2
)
.

(6.12)

6.8. Normalization of the images of positive root elements. We want to find an
element g ∈ C(X0) such that

g φ(xγ(1)) g
−1 = xγ(1) for all γ ∈ Φ+.

A direct calculation shows that

g = xα(−d)xβ(−d)xα+β

(
−d2 + d

2

)
xα+2β

(
2d3

3
+

d2

2
− d

6

)
xα+3β

(
3d4

4
+

d3

2
− d2

4

)
has exactly this property. Hence, after conjugating φ by g, we may assume that

X1 = xα(1), X2 = xβ(1), X3 = xα+β(1),

X4 = xα+2β(1), X5 = xα+3β(1), X6 = x2α+3β(1).
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6.9. The images of diagonal involutions. Consider

H1 = φ(hα(−1)), H2 = φ(hβ(−1)).

The involution H1 commutes with X1 and X4 and inverts X2, X3, X5, X6. Over a field,
writing H1 in Bruhat form and using these relations shows first that the Weyl part is trivial,
then that the torus part is t2(−1) = hα(−1), and finally that all positive-root parameters
vanish except possibly the highest-root one. Thus over a field

H1 = t2(−1)x2α+3β(b6).

For H2, which commutes with X2 and X6 and inverts X1, X3, X4, X5, the same argument
yields

H2 = t1(−1)x2α+3β(c6).

Since H2
2 = 1, we obtain c6 = 0, hence H2 = hβ(−1). Over a local ring, the same short

Gauss argument shows that
H2 = hβ(−1).

Returning to H1, the additional relation [H1, H2] = 1 forces all root parameters except the
highest one to vanish, and commuting with X1 and X4 yields

H1 = hα(−1)x2α+3β(b6).

Conjugating our endomorphism by x2α+3β(b6/2) removes this extra highest-root factor
without changing any of the positive root elements or H2. Thus after this final normalization
we may assume

H1 = hα(−1), H2 = hβ(−1).

6.10. The image of wβ(1). Let W2 := φ(wβ(1)). Then

[W2, H2] = 1, W 2
2 = H2, W2H1 = H1H2W2,

and also
W2X6 = X6W2, W2X1 = X5W2, W2X3 = X4W2.

Over a field, the relation [W2, H2] = 1 implies that in the Bruhat form of W2 only the root
directions fixed by hβ(−1) may occur. Using in addition W2H1 = H1H2W2, one sees that
all root parameters vanish and that the Weyl part must send

β 7→ ±β, α 7→ ±(α+ 3β), 2α+ 3β 7→ 2α+ 3β.

Hence the Weyl part is wβ(1), and we are left with a torus factor:

W2 = t1(a1)t2(a2)wβ(1).

From W2X3 = X4W2 one obtains a1a
2
2 = 1, and from W2X1 = X5W2 one gets a1a

3
2 = 1.

Together with the condition that the torus commutes with X6, this implies a1 = a2 = 1.
Thus over a field,

W2 = wβ(1).

Over a local ring one writes W2 in short Gauss form with Weyl part wβ(1). The relations
with H1 and H2 eliminate all negative and positive root parameters, leaving again only a
torus factor. The same comparison as in the field case then shows that the torus part is
trivial. Hence

W2 = wβ(1).
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The argument for W1 := φ(wα(1)) is completely analogous, and therefore

φ(wα(1)) = wα(1), φ(wβ(1)) = wβ(1).

Since the positive root elements together with wα(1) and wβ(1) generate all root elements
with parameter 1, we conclude that φ fixes every xγ(1), γ ∈ Φ.

6.11. Finalization of the G2 case. Since φ fixes all xγ(1), wγ(1), and hγ(−1), and
commutes with the torus action, it preserves root subgroups. Therefore, for each root γ
there exists a ring endomorphism ργ : R → R such that

φ(xγ(r)) = xγ(ργ(r)) (r ∈ R).

Because φ is locally inner, it preserves traces in the adjoint representation. For a long root
γ in type G2 one has

tr(xγ(t)x−γ(s)) = s2t2 −Ast+B

for certain integers A,B. Applying the same symmetric-difference argument as in Sections 4
and 5, we get

ργ(t) = t for all t ∈ R

for every long root γ. Now use the commutator relations (6.1)–(6.5). Since the long-
root maps are the identity and since φ(xβ(1)) = xβ(1), it follows successively from these
relations that the short-root maps are also the identity. Hence φ acts identically on all root
subgroups and therefore on E(G2). Undoing the normalization shows that every locally
inner endomorphism of E(G2) is inner.

Theorem 6.1. Let R be a commutative ring with 1/2, 1/3 ∈ R. Then every locally inner
endomorphism of Ead(G2, R) is inner. Equivalently, Ead(G2, R) is Sha-rigid.

Theorem 6.2. Let R be a commutative ring with 1/2, 1/3 ∈ R. Then every locally inner
endomorphism of Gad(G2, R) is inner. Equivalently, Gad(G2, R) is Sha-rigid.

Proof. By Theorem 6.1, after an inner normalization a locally inner endomorphism of
Gad(G2, R) acts trivially on Ead(G2, R). Since G2 has rank 2, the elementary subgroup
is normal in the full adjoint group, and the same centralizer argument as in the proof
of Theorem 4.5 shows that the normalized endomorphism is the identity. Undoing the
normalization yields the claim.

This completes the proof of Theorem 1.1.

Acknowledgment

The authors are sincerely grateful to Pavel Gvozdevsky and Boris Kunyavskii for many
helpful discussions, insightful comments, and valuable suggestions that improved this paper.

During the preparation of this article, our friend and colleague Evgeny Plotkin passed
away. This work remained one of the last mathematical topics we discussed with him, and
in our final email exchange we were speaking about where to submit it. We remember him
with deep gratitude and affection, and dedicate this paper to his memory.



1:32 E. Bunina, V. Kirakosyan, and R. Treskunov Vol. 18:2

References

[1] E. Abe, Chevalley groups over local rings, Tōhoku Math. J. (2) 21 (1969), no. 3, 474–494.
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