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ABSTRACT. Given a group G = H; * Hs which is the free product of two finitely generated

groups H;1 and H» with amalgamation over a cyclic subgroup A which is malnormal in G,
we study relations between the structure of its subgroups and the structure of the group G
itself. Firstly, we show that if Hy and H2 are 3-free products of cyclics of rank > 3 then
G is also a 3-free product of cyclics. Secondly, we prove that if H; and H2 are 4-free
products of cyclics of rank > 4 then every 4-generated subgroup of G is a free product of
< 4 cyclics or a 1-relator quotient of a free product of four cyclic groups. Here a group is
called an n-free product of cyclics if every n-generated subgroup is a free product of < n
cyclic groups. These results are based on ubiquitous applications of the Nielsen method for
amalgamated free products which we recall carefully.

Lastly, given an infinite, finitely presented group which is not free, but all of its infinite
index subgroups are free, a well-known conjecture says that it is isomorphic to a surface
group. We revisit and elaborate on predominantly group theoretic proofs of this conjecture
for cyclically amalgamated products as above, as well as for certain HNN extensions.

Dedicated to Alexei Miasnikov
on the occasion of his birthday.

1. INTRODUCTION

Amalgamated free products arise naturally in group theory and other branches of mathe-
matics. For instance, surface groups (i.e., fundamental groups of compact 2-dimensional
manifolds), various knot groups, and the well-known Baumslag-Solitar groups are of this type.
For two factors, amalgamated free products were first introduced in 1927 by O. Schreier [22].
For several factors, this was later generalized by H. Neumann [17, 18]. W. Magnus was one
of the first mathematicians who recognized their value and used them in the early 1930s in
several papers on one-relator groups [15, 16].

Key words and phrases: amalgamated free product, Nielsen transformation, free group, surface group,
HNN extension.
2020 Mathematics Subject Classification. 20E06, 20E07, 68 W 30.

Journal of GROUPS, © M. Kreuzer, A. Moldenhauer, and G. Rosenberger
COMPLEXITY, CRYPTOLOGY DOI:10.46298/jgcc.2026.18.1.17174 @ Creative Commons


https://gcc.episciences.org/
http://creativecommons.org/about/licenses

1:2 M. KREUZER, A. MOLDENHAUER, AND G. ROSENBERGER Vol. 18:1

It is an important task to describe the subgroups of amalgamated free products and
the relation between their structure and properties of the group itself. A first major step in
this direction was taken by A. Karrass and D. Solitar in [11], where the authors give a very
general and rather abstract classification which is, however, not easy to apply in concrete
situations. In this paper we examine the structure of subgroups with a small number of
generators and the existence of free subgroups and free products of cyclic groups in the
following type of group. Let G = H; * Hs, where Hy, Ho are finitely generated groups, where

A is an infinite cyclic group which injects properly into H; and Hs and is a malnormal
subgroup of G, and where we assume that there exist u € Hy, v € Hy with A = (u) = (v)
such that uv involves all generators of G. For simplicity, we shall say that G is a cyclically
amalgamated free product.

In [7], the authors showed that, for n € {2,3}, every n-generated subgroup in certain
groups of F-type is a free product of cyclics. Later it was discovered that this classification
can be suitably extended to 4-generated subgroups. In Section 3 we generalize these results
as follows (see Proposition 3.2 and Theorems 3.3 and 3.4).

Theorem 1.1. Let G = H; ngg be a cyclically amalgamated free product.

(a) If H; satisfies tk(H;) > 2 and is a 2-free product of cyclics for i = 1,2, then every
2-generated subgroup of G is a free product of < 2 cyclics.

(b) If H; satisfies tk(H;) > 3 and is a 3-free product of cyclics for i = 1,2, then every
3-generated subgroup of G is a free product of < 3 cyclics.

(c¢) If H; satisfies tk(H;) > 4 and is a 4-free product of cyclics for i = 1,2, then every
4-generated subgroup of G is a free product of < 4 cyclics or a one-relator quotient of a
free product of four cyclics.

Here we say that a group is an n-free product of cyclics if every n-generated subgroup
of G is a free product of at most n cyclic groups. Notice that this notion is entirely different
from the the classical notion of n-free groups, as introduced by G. Higman in 1951 (cf. [8]).
In particular, the factors of a product of at most n cyclic groups are allowed to be finite.

Moreover, we point out that case (a) of this theorem has been known for a long time
(see [12, Thm. 6]) and is included here merely for completeness sake.

In Section 2 we provide the main tool to prove this theorem, namely the method of Nielsen
reductions in amalgamated free products. In the context of free groups, Nielsen reductions
were first introduced (1921) in [19]. Later the method was adapted to amalgamated free
products by H. Zieschang in [28]. It was further refined by the third author in [20, 21] and,
together with R.N. Kalia, in [10]. Based on the normal form of elements of amalgamated
free products introduced already (1927) in [22], we briefly recall the symmetric normal
form (see Proposition 2.3) and the resulting preorder < which refines the length (see
Definition 2.5). This allows us to introduce Nielsen reduced sets and to formulate the Nielsen
method for cyclically amalgamated free products in Theorem 2.9 and Proposition 2.11.
Explicit algorithms and a careful complexity analysis for the computation of normal forms
in amalgamated free products were given in 2006 by A.V. Borovik, A. Miasnikov, and V.N.
Remeslennikov (see [1]).

Next we discuss low rank subgroups of cyclically amalgamated free products in Section 3.
Besides proving the above theorem, we also apply it to recover the known results about low
rank subgroups of groups of F-type (see Corollary 3.6). In the proof of these results, the
method of Nielsen reductions plays a central role, as it allows us to keep a tight control over



Vol. 18:1 SUBGROUPS OF CYCLICALLY AMALGAMATED FREE PRODUCTS 1:3

the structure of the words representing the group elements under consideration. It has been
suggested that, possibly, the method of groups acting on trees, as developed by H. Bass and
J.P. Serre in [23], and in particular in the form elaborated by R. Weidmann (cf. [25]), could
be used to obtain a proof of the above theorem. Except for case (a) of the theorem, which
has been previously known, this is highly doubtful, as in this case the Bass-Serre method
encounters certain obstructions which are hard to analyze in detail (see [25, Thm. 2]) and do
not lead to explicit presentations of the subgroups under consideration in a conceivable way.

In Section 4 we turn to free subgroups of infinite index. The discussion here should
be considered as a brief survey of some direct methods to analyze these subgroups for
amalgamated free products and HNN extensions using group theoretic (rather than geometric
or topological) methods.

The central conjecture here is the Surface Group Conjecture which asks whether an
infinite, finitely presented, non-free group, such that every subgroup of infinite index is free,
has to be isomorphic to a surface group. A major advance in this area was recently achieved
by H. Wilton who proved the conjecture (among others) for one-relator groups using heavy
topological machinery [26]. In Theorem 4.2, we point out a proof in the case of cyclically
amalgamated free products which relies chiefly on group theoretic methods.

Closely related to amalgamated free products is the case of HNN extensions. In
Theorem 4.3, we recall what is known about low rank subgroups of HNN extensions of the
type G = (t, H | tut~! = v), and in Theorem 4.5 we prove the surface group conjecture for
such groups using chiefly group theoretic means.

Throughout we have strived to keep this paper as self-contained as possible. All
definitions and statements used without reference can be found in [5].

2. NIELSEN REDUCTION IN AMALGAMATED FREE PRODUCTS

In this section we describe the Nielsen reduction method in amalgamated free products.
This method was originally developed by H. Zieschang in [28] and then refined by the third
author in [20, 21] and, together with R.N. Kalia, in [10].

Given two groups Hi, Hy and a group A which injects into both of them via maps
¢: A— Hyand ¢ : A — Hs, their amalgamated free product (or free product with
amalgamation) is G = H; jZHQ = (Hy % Hy)/N where N is the normal closure of the set of

elements p(a)y~!(a) with a € A. We identify Hy, Ha, and A = Hy N Hy with their images
in G and assume that A # H; as well as A # Hs. Notice that G = H; x Ho is the free
product of Hy and Hs if A = {1} is the trivial group.

In this paper we consider the following type of amalgamated free product.

Assumption 2.1. Let Hy, Ho be finitely generated groups, and let A be an infinite cyclic

group which ingjects properly into Hy and He via ¢ : A — Hy and ¢ : A — Hsy. Let

G =H; jHQ be the amalgamated free product of Hy and Ho. Assume that the following

conditions are satisfied.

(1) Given a generator e of A, let u= @(e) and v =1 (e). Then uv involves all generators
of G.

(2) The image of A in G is a malnormal subgroup.

For simplicity, we shall say that G is a cyclically amalgamated free product if the
assumption is satisfied.
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Next we fix a system L; of left coset representatives of A in H; for i = 1,2. Here we
represent A by 1. The following proposition is well-known (see [5, Thm. 1.5.8 and Cor.
1.5.10]).

Proposition 2.2 (The Reduced Form).
FEvery element g € G has a unique representation g = hihg---hpa, where a € A and the

elements h; are alternatingly from L1\ {1} and L2\ {1}. This representation is called the
reduced form of G.

For g € G with reduced form g = h; - - - h,a, the number m is called the length of g.
For our purposes, the partial ordering for G given by the length is too coarse. Thus we have
to refine it. For i = 1,2, we take the elements of L; 1 as a system of representatives for the
right cosets of A in H;. Now we have the following normal form (see [5, Sect. 1.5.2] or [29,
Prop. 2.3.12]).

Proposition 2.3 (The Symmetric Normal Form).
FEvery element g € G has a unique representation

g = byl kT T1

with k € Hy U Ha, with ¢; alternatingly from Ly \ {1} and Ly \ {1}, and with r; alternatingly
from LT\ {1} and Ly \ {1}.

Moreover, if k € A then £y, and Ty, belong to different subgroups H; (provided m > 1),
and if k € H; \ A then Uy, ¢ H; (provided m >1).

This representation is called the symmetric normal form of g. The product €1 --- £,
1s called its leading half, the product v, - - -1 is called its rear half, and the element k is
known as the kernel of g.

For the definition of the length A(g) of a symmetric normal form, we use \(g) = 2m if
ke Aand A(g) =2m+1if k ¢ A. One advantage of the symmetric normal form is that in
forming products, cancellations are usually reduced to free cancellations.

Our next goal is to introduce a preorder relation on G. By Assumption 2.1, the group G
is countable and we can fix an enumeration. For i € {1,2}, we obtain a strict total ordering
<; on the set L; defined by this enumeration. In particular, for every h € L; there exist only
finitely many b’ € L; such that b’ <; h.

Remark 2.4 (Ordering the Leading Halves).

(a) Let <p, be the ordering relation on L; U Lo defined by
(1) £ <y Lforf e LU Ly,
(2) 01 <p by for 1 € L1 and ¢y € Ly, and
(3) e<p it b0 e Ly and £ <; 0.
(b) Now we extend the ordering relation <y, to the leading halves ¢; - - - £,, of symmetric
normal forms as follows:
(1) 1+l <p, by Ly,
(2) b1 Ay <p by -0 i m < m/,
B) byl <p Oy -0, i =0, ... b =0, 4 <, U for some i € {1,...,m}.
In other words, we order the leading halves by the length-lezicographic ordering induced
by the ordering <r on L; U Ls.
(c) The ordering <, on the leading halves has the following properties:
(1) Iy - Ly—y <p €} ---€,_, and £y, €} are in the correct sets L; \ {1}, then ¢y - - - £, <p,
Ot
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(2) For a leading half ¢; - - - £}, there exist only finitely many leading halves ¢; - - - £;,_1 ¢},
with ¢1 - - 'fk—l% <p byl
(d) To define an ordering relation <g on the rear halves, we let 7y, ---ry <g 7l ,-- 7] <=

I G e R

At this point we are ready to define the desired preorder relation on G.
Definition 2.5. Let G = H; ngg be an amalgamated product as above. We define a

preorder < on sets {g,g '} with g € G as follows.

(a) Let ¢’ be the element in {g, ¢!} such that the leading half of ¢’ is less than or equal to
the leading half of (¢/)~! with respect to <.
(b) Now we let {g,g7'} < {h,h "1} if
(1) Mg) < A,
(2) M¢') = A(K), and the leading halves ¢; - - - £, of ¢’ as well as ¢} --- £/ , of h/ satisfy
bl <p -0, Or
(3) A(¢") = A(K), the leading halves of ¢’ and h' are equal, and the rear halves r, - - - 71
of g and r/ , - -7} of W satisfy ry,---ri <p vl ,---r].
To simplify the notation, we shall also write ¢’ < k' instead of {g,g~ '} < {h, h™ 1} if
no confusion can occur.

Notice that ¢’ < A’ and h' < ¢’ imply that g and h differ only in their kernel. Since
this can occur with g # h, the relation < is only a preorder, i.e., reflexive and transitive,
but in general not antisymmetric. Next, recall that a regular Nielsen transformation
of a set {g1,...,gn} of elements of a group is a finite product of elementary Nielsen
transformations, i.e., of transformations of one of the following types:

(1) Replace one element g; by g;” L

(2) Replace one element g; by ¢;g;, where j # i.

Moreover, two sets are called Nielsen equivalent if one can be transformed into the other
by a regular Nielsen transformation. The goal of Nielsen reduction is to shorten sets of
elements in G in the following sense.

Definition 2.6. Let {g1,...,9,} and {h1,...,hy,} be two sets of elements in G.

(a) The set {g1,...,gn} is called shorter than the set {h1,...,h,}if g < hlfori=1,...,n
and if 1} < g; fails for at least one j € {1,...,n}.

(b) The set {g1,...,9n} is called Nielsen reduced or <-minimal if it is not Nielsen
equivalent to a set {hy, ..., h,} which is shorter or satisfies h; = 1 for some i € {1,...,n}.

Thus our goal is to transform a given finite set of elements of G to a Nielsen reduced set
and to study the resulting <-minimal sets. The following rules are based on the length and
the ordering of elements in G. They were first shown in [28, §1] and later refined in [20].
Easily accessible proofs are contained in [5, Lemmas 1.5.21 and 1.5.22].

Proposition 2.7. Let x,y,z € G\ {1} be elements such that the following conditions are
satisfied:

(1) AMzy) = max{A(x), A(y)} and A(yz) > max{A(y), A(2)},

(2) zy L x and yz & z.

Then the following claims hold.

(a) If AM(zyz) < Mx) — AM(y) + A(z) then y is conjugate to an element of Hy U Hs.
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(b) If AM(y) < min{A(z),A(2)} and A(zyz) < A(x) — A(y) + A(2) then y is conjugate to an
element of A.

(c) Let {g1,...,9n} be Nielsen reduced, and let x,y,z € {gi,... ,gn,gl_l, Rt SR
Mzyz) < AMz) — AMy) + A(2) then y is conjugate to an element of A, or we have
rT=y=z.

In view of the second case in (c) we note that A\(z"™) < A(x) for some n > 2 implies

that z is conjugate to an element in H; U Ha and z" is conjugate to an element of A.

Proposition 2.8. Let x,z € G be elements such that A\(z) > 1 and X\(z) > 1, and let
y € A\ {1} be such that the following conditions are satisfied:

(1) Azy) = Ax) and A(yz) = A(2),

(2) zy £ x and yz & z,

(3) AMzyz) < AMx) — A(y) + A(z) =1 = Ax) + A(2) — 1.

Then there exists an element h € (Hy; U Hy) \ A such that hyh~! € A.

Using these rules, the following result was shown by H. Zieschang in [28, Satz 1 and
Korollar 1] and refined by the third author in [20, 21].

Theorem 2.9 (The Nielsen Method for Amalgamated Free Products).
Let G = Hy j:Hg be an amalgamated free product which satisfies Assumption 2.1. Given a

finite set of elements {g1,...,gn} in G, there exists a finite sequence of shortening elementary
Nielsen transformations which result in a set {x1,...,x,} such that one of the following
cases occurs.

(1) &y =1 for someic{l,...,n}.

(2) Every y € (x1,...,xy) has a representation y = xfllmfz with €; € {1,—1}, with
€j = €j41 in case ij = i1, and with \N(x;;) < My) forj=1,...,q.
(3) For some p > 1, there is a subset {x;,,...,x;,} of {z1,...,2,} which is contained in a

subgroup H of G that is conjugate to Hy or Ha, and such that x;, - --x;, is conjugate to
an element of A\ {1}.

Clearly, case (1) implies that the rank of (g1, ..., gn) is less than n. If n > 2 and case (2)
occurs then (g1, ..., gn) is a non-trivial free product. Let us also interpret case (3) in greater
detail.

Remark 2.10. Suppose that in the preceding theorem case (3) occurs.

(a) If G = (g1,...,9n) then p > 2, since in this case conjugations determine a Nielsen
transformation.

(b) There exist p > 2 elements {x;,,...,z;,} contained in Hy or Hj such that at least one
of them is not in A and x;, ---x;, € A\ {1}.

Finally, we recall some refinements of the preceding material which were shown in [10] and
will be useful later. For an element g € G with symmetric normal form g =01 --- b k7 -+ 11
as in Proposition 2.3, we write ¢(g) = ¢ - - - £,, for the leading half, k(g) = k for its kernel,
and r(g) = - - -1 for its rear half. Thus we have g = ¢(g) - k(g) - r(g).

Proposition 2.11. Let 2,y € G such that r(x) = £(x)~, such that k(z) € H; \ A for some
i € {1,2}, and such that \(y) < \(x).

(a) Fore € {1,—1} assume that \(xy®) < A(z) or AN(y~“x) < X(x). Then one of the following
Cases occurs.
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(1) Ay~ “ay®) < Ax);
(2) r(y) = £(y)~ = L(x)7 ", and k(x)k(y)¢ or k(y)~k(zx) is contained in A;
(3) r(y) # Ly) ™", k(y) € Hi\ A for some i € {1,2}, A(z) = A(y) = Ay “@y"), and A
t;\o(m)fams k(x)k(y)¢ or k(y)~k(z). In particular, we have min{\(zy), \(y~“z)} <
Y

(b) For e € {1,—1}, assume that N(zy®) = Az) or ANy “x) = Xz). Then we have
Ay~ < M),

Proof. Claim (a) is shown in [10, Lemma 2.4] and claim (b) in [10, Lemma 2.5]. []

3. Low RANK SUBGROUPS OF AMALGAMATED FREE PRODUCTS

Let n > 1. Recall that a group G is called n-generated if it can be generated by n of its
elements, and that the rank of G, denoted by rk(G), is the least number n such that G is
n-generated. The following notion will play an important role in this paper.

Definition 3.1. For n > 1, a non-trivial group G is called an n-free product of cyclics if
every n-generated subgroup of G is a free product of at most n cyclic groups.

Notice that this notion is completely different from the concept of an “n-free group”
which usually means that every n-generated subgroup is free (see [8]).
In the following we examine subgroups of an amalgamated free product G = H; * Hy

which satisfies Assumption 2.1. In particular, let H1, Ho be finitely generated groups, and let
A = HiN Hj be an infinite cyclic group which is malnormal in G. In this setting, 2-generated
subgroups of GG can be characterized explicitly. Note that the following result was first shown
in [12, Thm. 6] and is included here for completeness sake.

Proposition 3.2 (2-Generated Subgroups of Cyclically Amalgamated Free Products).
Let G = Hy sz be an amalgamated free product as above, and assume that tk(Hy) > 2 as

well as rk(Hsg) > 2. If Hy and Hy are 2-free products of cyclics, then G is a 2-free product
of cyclics.

In particular, every 2-generated subgroup of G is a free product of < 2 cyclics in this
case.

Proof. By Theorem 2.9 and Remark 2.10, every 2-generated subgroup of GG is contained in a
conjugate of Hy or Ho, or it is a free product of cyclics. In the first case the claim follows
from the hypothesis that H; and Hs are 2-free products of cyclics. []

Our first main result characterizes 3-generated subgroups of G.

Theorem 3.3 (3-Generated Subgroups of Cyclically Amalgamated Free Products).
Let G = Hy ;»;Hg be an amalgamated free product as above, and assume that tk(Hy) > 3 as

well as rk(Hz2) > 3. If Hy and Hy are 3-free products of cyclics, then G is a 3-free product
of cyclics.

In particular, every 3-generated subgroup of G is a free product of < 3 cyclics in this
case.

Proof. Let U = (g1, 92, g3) be a 3-generated subgroup of G, where g1, 92,93 € G. If U is of
rank 2, the claim follows from Proposition 3.2. Hence we assume that rk(U) = 3. We apply
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the sequence of Nielsen transformations given by Theorem 2.9 and obtain a new system of
generators {x1,x9,x3} of U.

Since rk(U) = 3, case (1) of Theorem 2.9 cannot occur. If case (2) occurs, the group U
is a non-trivial free product. Thus we are left with analyzing case (3), and we can apply
Remark 2.10.b. Depending on whether we have p = 2 or p = 3 there, and interchanging the
roles of Hy and Hs if necessary, we see that there are essentially two subcases:

(3a) x1,x9,x3 € Hy,

(3b) x1,x9 € Hy and x3 ¢ H;.
In subcase (3a) the claim follows from the hypothesis that Hy and Hs are 3-free products of
cyclics. In subcase (3b) it suffices to show that the subgroup H = (Hy,z3) of G is a 3-free
product of cyclics, since then its subgroup U = (x1, z2, x3) is a product of cyclics.

Using Proposition 2.2, we write the reduced normal form of x3 as 3 = hy - hpa,
where the elements h; are alternatingly from H; and Hs, and where a € A. Here we can
include the element a in hy, if hy,, € Hy. If h,, € Hs, we increase m by one and use a as the
new element h,,. In either case, we can assume that x3 = hy - -- h,, with h; alternatingly
from H; and Hs.

Next we consider H = (Hy,x3). If hy € Hy then we use H = (Hj, hflxg,), and if h,, € Hy
then we use H = (Hj, xgh;f). In this way we see that we can assume x3 = hy - - - hy, with
hi,hm € Ho. Since A is malnormal in G and A C Hy, it follows that hy, by, € Hy \ Hj.

Consequently, there are no shortening Nielsen transformations between elements of H;
and x3. Thus an application of the Nielsen method shows that products in H have the
property stated in case (2) of Theorem 2.9, i.e., that H is a 3-free product of cyclics.  []

The second main result treats 4-generated subgroups of amalgamated products.

Theorem 3.4 (4-Generated Subgroups of Cyclically Amalgamated Free Products).
Let G = Hy ijQ be an amalgamated free product as above, and assume that rk(Hy) > 4

as well as tk(Hy) > 4. If Hy and Hs are 4-free products of cyclics, then every 4-generated
subgroup of G is a free product of < 4 cyclics or a one-relator quotient of a free product of
four cyclics.

Proof. Let U = (g1, 92, 93, g4) be a 4-generated subgroup of G, where g1, g2,93,94 € G. If U
is of rank 3, the claim follows from Theorem 3.3. Hence we assume that rk(U) = 4. We apply
the sequence of Nielsen transformations given by Theorem 2.9 and obtain a new system of
generators {x1,xo,x3,24} of U.

Since rk(U) = 4, case (1) of Theorem 2.9 cannot occur. If case (2) occurs, the group U
is a non-trivial free product. Thus we are left with analyzing case (3), and we can apply
Remark 2.10.b. Depending on whether p = 2 or p = 3 or p = 4 there, and interchanging the
roles of Hy and Hj if necessary, we see that there are essentially three subcases:

(3a) @1, w2, 73,74 € Hy;

(3b) x1,x9,x3 € Hy and x4 ¢ Hy;

(3¢) x1,x9 € Hy and x3,24 ¢ H;.
In subcase (3a) the claim follows from the hypothesis that Hy and Hy are 4-free products of
cyclics. In subcase (3b) we may argue analogously as in the proof of case (3b) in Theorem 3.3.
More precisely, we consider H = (Hy,z4) and write x4 in the form x4 = hy - - - hy,, where
hi,hm € Ho \ Hy and the elements h; are alternatingly from H; and Hs. Again there are
no shortening Nielsen transformations between elements of H; and z4. Consequently, an
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application of the Nielsen method shows that H is a 4-free product of cyclics. Hence its
subgroup U = (x1, z2, x3,24) is a free product of cyclics.

It remains to consider the case (3c). The group U = (x1,x2, z3,24) is a subgroup of
H = (Hy,z3,24). Arguing as in the proof of Theorem 3.3, we may assume that we can write
the reduced normal forms of x3 and x4 as x3 = hy---hy, and x4 = kq - - - k,, where m,n > 1,
where hy, hy,, k1, ky, € H2 \ A, and where the elements hq, ..., h,, as well as the elements
ki,...,ky, are alternatingly from H; and Hs.

By Theorem 3.3, the subgroups (x1, z2,x3) and (x1,x9,x4) are free products of cyclics.
If m > 2, we form words in Hy, x3, and z4. By Theorem 2.9 and Proposition 2.11, essential
new cancellations only can happen if x3 and x4 are involved. That is, there must be a
subword which contains both z3 and x4 and which is conjugate to an element of A, and z3
and x4 are in a proper conjugate the same factor H; (resp. Hs). Hence, since m > 2, this
conjugate cannot produce essential cancellations between Hi, x3 and x4. Altogether, this
implies that U = (x1, 29, x3,24) is a free product of cyclics.

If n > 2, we argue analogously. Hence we are left with the case m =n =1, i.e., with
x3,x4 € Ho \ A. Recall that, by Assumption 2.1, the element u = ¢(e) is contained in Hj.
By Theorem 2.9 and Proposition 2.11, some word in z1, z2 has to be contained in A\ {1}.
Since u generates A, this word is a power of u. Hence there exists a minimal exponent k > 1
such that u* € (1, 22).

Next we recall that the element v = v(e) € Hj also generates A and satisfies v = u~!.
Let us look at the subgroup V = (v=% 23, 24) of U = (21, x9, 23, 74). Since V is a 3-generated
subgroup of GG, we know from Theorem 3.3 that V is a free product of two or three cyclics.
Notice that V' cannot be cyclic, as we have rk(U) = 4. Moreover, recall that rk(Hz) > 4 and
that Hs is a 4-free product of cyclics by the hypotheses.

First, we consider the case that V = (v, x3,24) is a free product of three cyclics.
Again we use the Theorem 2.9 in combination with Proposition 2.11. Since A is infinite and
malnormal, we may assume that no element v—¢ with 1 <i < k — 1 is in (z3,74). Here we
may argue in a symmetric manner by suitable conjugations and eventual replacings.

Now we consider non-trivial words in x1, 9,3, z4 by viewing them blockwise in a
combination of cases (2) and (3) of Theorem 2.9. These words are never equal to the identity
element, in other words, the elements of (x,z2) do not influence the generators of (z3,z4).
Therefore U = (z1, x2, 3, x4) is a free product of cyclics in this case.

Consequently, we are now left with the case when V' = (a) * (b) is a free product of two
cyclics, where a,b € V. We distinguish the following two situations.

Situation I: There exist a number ¢ € {1,...,k — 1} and an element ¢ € Hy \ {1} such
that cvfc™! € V = (a) * (b).

In this situation we replace a by @’ = ¢~
rh = ¢ lxc, and we replace x5 by xh = ¢!
to

Lac, we replace b by v/ = ¢~ b, we replace x; by

xoc. The group U’ = (2}, 24, d’, V') is conjugate

(x1,22,0,b) = (x1,22,V) = (21, 29,23, 24) = U
and has therefore the same combinatorial structure. Thus it suffices to prove that U’ has the
claimed structure. After we apply the Nielsen method to U’, we may assume that o', b’ € Ho
and z, xh € H;. If we are still in Situation I, but with a smaller number ¢, we repeat the
construction. Finally, we will reach Situation II.

Situation II: There is no number ¢ € {1,...,k — 1} with cv=%c™? € V for some
c € Hy \ {1}
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In this situation we use the fact that V = (v=* x3,24) is a free product of two cyclics to
conclude that there is a defining relation R(v=* 23, 24) = 1. Since v=* = ¥ is also a word
in 1,29, we can write this as a relation R'(x1, 22, x3,24) = 1. Hence U = (x1, 22, x3,14) is

a one-relator quotient of a free product of four cyclics, and the proof is complete. []

A special case of the preceding two theorems arises when G is a group of F-type. Let us
first recall the definition.

Definition 3.5. A group G is said to be of F-type if it admits a presentation of the form

G={(ai,...,an|af* =---=a;" =Ulai,...,ap) V(apt1,...,an) = 1),
where n > 2, e,...,e, € N\ {1}, p € {1,...,n — 1}, and where U(ay,...,ap) and
V(ap+1,- .-, ay) are cyclically reduced words of infinite order in the free product (a1, ..., ay |
el _ .. en
ai' =---=afr =1).

At this point we now suppose that G does not reduce to a free product of cyclics and
that U(a1,...,ap) V(apt1,...,a,) involves all the generators. Then G decomposes as a
non-trivial amalgamated free product G = H; * Hy as above, where

H, = <a1,...,ap|a1 :-u:a;p: >7

H2 = <ap+1,...,an|a;i_+11:...:agn: >’

A = (U(ar,...,ap)) = (V(aps1, .- an) ).

The following corollary follows from Proposition 3.2, Theorem 3.3, and Theorem 3.4.

Corollary 3.6 (Low Rank Subgroups of Groups of F-Type).
Let G be a group of F-type as above. Suppose that A is malnormal in G. Then the following
claims hold:

(a) If p> 2 and n — p > 2 then every 2-generated subgroup of G is a free product of cyclics.

(b) If p > 3 and n — p > 3 then every 3-generated subgroup of G is a free product of cyclics.

(¢) If p> 4 and n — p > 4 then every 4-generated subgroup of G is a free product of cyclics
or a one-relator quotient of a free product of four cyclics.

Parts (a) and (b) of this corollary were previously shown in [7]. The next example shows
that part (c) is optimal.

Example 3.7. Consider the group

2_ 2_ 2_ 2_ 2_ 3
G = (a1,...,a6 |a] =a3=a5 =aj =a; =ag =a1---ag = 1).

It is of F-type with n = 6, p = 3, with U(a1, as,a3) = ajazas, and with V' (a4, as,a6) =
ag'az'a;'. Moreover, notice that the subgroup A = (U(as,as,a3)) = (V (a4, as, ae) ") is
malnormal in G. Therefore Corollary 3.6.b says that every 3-generated subgroup of G is a
free product of cyclics.

Now we consider the 4-generated subgroup H = (x1, x9, x3,z4) of G, where z1 = ajag,

T9 = ajasz, r3 = aiay, and x4 = ajas. Then we calculate

xlxgla:gazglxl_lxga:glm = 51752 = x¢ € H,
and thus a5 = agl = agznla:;lxg € H,a1 =x4a5 € H, a3 = a1x1 € H, a3 = a1z9 € H, and
a4 = arxg € H. This proves H = G. However, the group G is neither a free product of

cyclics nor a one-relator quotient of a free product of four cyclics.
It can be shown that the claim of Corollary 3.6.c holds if
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(1) p>3,n—p>3, and at most n — 2 of the exponents e; are equal to 2, or if
2)p=3,n—p>4,orifp>4,n—p=3.
In this sense, Corollary 3.6.c is optimal.

The final remark in this section connects it to the next one.

Remark 3.8. Let G be a group of F-type which is not a free product of cyclics. Assume that
every subgroup of GG of infinite index is a free product of cyclics. Then G is a co-compact
planar discontinuous group (cf. [5, Thm. 3.5.45]).

4. FREE SUBGROUPS OF INFINITE INDEX

In this section we turn our attention to free subgroups of infinite index in cyclically amal-
gamated free products and in certain HNN extensions. The following material is largely
known and should be considered as a survey of the application of purely group theoretic
methods to the topic at hand.

The central open question for free subgroups of infinite index is the Surface Group
Congecture. The first version of this conjecture was formulated 1980 in the Kourovka
Notebook by O.V. Melnikov (cf. [14, Problem 7.36]). It has since been disproved, but
numerous improved versions were formulated over time (for instance, see [4, 2, 7]), and the
latest one reads as follows (cf. [26]).

Conjecture 4.1 (The Surface Group Conjecture).
Let G be an infinite, finitely presented group, such that every subgroup of infinite index is
free. Must GG be isomorphic to either a free group or a surface group?

Here a surface group is a group isomorphic to the fundamental group of an orientable
surface of genus g, i.e.,

G = (a1,b1,a2,b2,...,0a4,bg | [a1,01] = -+ = [ag,by] = 1)

or of a non-orientable surface of genus g, i.e.,

~

G = <a1,...,ag\a%---a§:1>.

A celebrated result of H. Wilton is that the surface group conjecture holds for infinite
one-relator groups (cf. [26]). Its proof is based on a number of deep results in topology.
Another important situation where this conjecture holds is the case of fully residually free
groups (see [2]).

For the following kind of amalgamated product, a chiefly group theoretic proof of the
conjecture is available.

Theorem 4.2 (The Surface Group Conjecture for Cyclically Amalgamated Free Products).
Let G be a finitely generated group which is an amalgamated free product G = Ho * Hs,

where A is an infinite cyclic group of infinite index in Hy and Ha. Assume that G is not free,
but every subgroup of infinite index in G is free. Then the Surface Group Conjecture 4.1
holds for G.

Proof. Since A is infinite and has infinite index in H; and Hs, the factors Hy and Hy have
infinite index in G. By assumption, it follows that H; and Hs are free groups. Thus G is
a free product of two free groups amalgamated in an infinite cyclic subgroup and is also
known as a cyclically pinched one-relator group.
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For this kind of group, i.e., for G = (Hy, He; u = v), where H; and Hj are free groups
and where u € Hy and v € Hy, the surface group conjecture was shown in [2, Thm. 3.1.1].
For the convenience of the reader, we briefly recall the main steps. We distinguish four cases
depending on whether u and v are proper powers of elements of G.

Case 1: Assume that there exist g,h € G such that v = ¢? and v = h%. If already
G = (g,h | g> = h?), then G is a non-hyperbolic, non-orientable surface group of genus 2. If
this is not the case then (g, h | g = h?) is a proper subgroup of G, and hence G contains a
non-free subgroup of infinite index.

Case 2: Assume that there exist g, h € G such that u = ¢ and v = A" with m > 2, n > 2,
and m +n > 5. Then the subgroup U = (g™, gh) is a free abelian subgroup of rank 2 of G,
in contradiction to Proposition 3.2.

Case 3: Assume that u is no proper power in G and v = h" for some h € G and n > 2.
Then u = v~ = h™™" yields a contradiction.

Case 4: Assume that neither u nor v is a proper power in G. In this case, [9, Thm. A]
shows that G is a word hyperbolic group. Next we use [24, Thm. 4.11] to show that G is
one-ended. In fact, if G has no ends, then G is finite. If G has two ends, then G has an
infinite cyclic subgroup of finite index. Finally, if G has more than two ends, it has infinitely
many ends and is a non-trivial free product. As all of these cases are impossible for the
groups G under consideration, they have to be one-ended. The final step is an application
of H. Wilton’s result that a hyperbolic, one-ended cyclically pinched one-relator group, all
of whose subgroups of infinite index are free, is a surface group (cf. [27, Corollary 4]). [

It is also natural to ask for an analogue of this theorem for HNN extensions. Recall that
a group G is called an HNIN extension of a group H if there exist subgroups A, B of H
and an isomorphism ¢ : A — B such that

G = (H,t|tat ™" = ¢(a) for all a € A).

HNN extensions are natural analogues of amalgamated free products. For instance, they
arise as the fundamental groups of unions of topological spaces where the intersection is not
connected.

Not much seems to be known for low rank subgroups and free subgroups of infinite index
of HNN extensions. For 2-generated and 3-generated subgroups, the following result from [6]
is the best we know. If we drop the assumption that u is not conjugate in H to v or v, a

slightly stronger version for 2-generated subgroups of G is given in [5, Thm. 1.6.42].

Theorem 4.3 (Low Rank Subgroups of HNN Extensions).

Let H be a free group, let u,v € H be non-trivial elements, none of which is a proper power
in H, and assume that u is not conjugate in H to v or v='. Let G = (H,t | tut~! =v) be
the corresponding HNN extension of H.

(a) Every 2-generated subgroup of G is either abelian or a free group of rank two.
(b) Every 3-generated subgroup of G is either free of rank < 3 or has a one-relator presenta-
tion for its three generators.

Notice that HNN extensions of the special type in this theorem are also called conjugacy
pinched one-relator groups. Recall that a 2-generated subgroup (x,y) of G is called
maximal if it is not properly contained in another 2-generated subgroup, and it is called
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strongly maximal if for every g € G there exists an element h € G such that (z, gyg~!) C
(x, hyh™') and (z, hyh~!) is a maximal 2-generated subgroup of G.

Corollary 4.4. In the setting of the theorem, assume that the subgroup (u,v) of G is strongly
mazximal. Then G is 3-free, i.e., every 3-generated subgroup of G is free.

As regards to the surface group conjecture, we can show it for the following type of
HNN extensions. Notice that the following result is slightly stronger than [2, Thm. 3.1.2]
and [5, Thm. 1.7.22].

Theorem 4.5 (The Surface Group Conjecture for HNN Extensions).

Let H be a finitely generated group, let u,v € H be non-trivial, and let G be the HNN
extension G = (t, H | tut~! = v). Assume that G is not free, but every subgroup of infinite
index in G is free. Then the Surface Group Conjecture 4.1 holds for G.

Proof. Let N be the normal closure of H in G. Then G/N is an infinite cyclic group.
Hence the group H is of infinite index in G, and the hypothesis implies that H is a free
group. Thus G is a conjugacy pinched one-relator group. For such groups, the surface group
conjecture can be shown based in part on [2, Thm. 3.1.2]. Let us follow the main steps
and complete the proof at the appropriate place. We distinguish two cases depending on
whether u or v are proper powers of elements of G.

Case 1: Assume that u = ¢™ and v = h" with g, h € G and with m,n > 2. If G = (g, h |
g% = h?%) then G is a surface group and contains a free abelian subgroup of rank 2. Now
assume that G is not isomorphic to (g, h | g = h?). Using the normal form in HNN groups
(cf. [5, Thm. 1.6.4]), it follows that the subgroup generated by w = tgt~! and h has the
presentation W = (w,h | w™ = h™). Then the subgroup (w™,wh) of W is a free abelian
group of rank 2 and has infinite index in G, in contradiction to the hypothesis.

Case 2: Assume that u or v is not a proper power in G. Here we distinguish two subcases.

Subcase 2a: Assume that there exists an element z € H such that the intersection (u) N
x(v)r~! is infinite, and thus infinite cyclic. After a suitable conjugation and possibly
interchanging u and v, we may assume that u is not a proper power in H and v = u* with
k # 0. Using the normal form, we can see that the subgroup of G generated by w and ¢ has
the presentation U = (u,t | tut ™' = u¥).

In the case rk(H) > 2, let V' be the normal closure of U in G, and let H = (a1, ..., ay).
Then G/V = (ay,...,an | u = 1) is infinite by the Freiheitssatz. Hence U is a non-free
subgroup of infinite index in G, in contradiction to the hypothesis.

In the case tk(H) = 1, we let H = (a). Then we get G = (a,t | tat™' = a*) = B(1,k)
with a Baumslag-Solitar group B(1,k). For |k| = 1, this is a surface group, and for
p = |k| > 2, the group B(1,p) is isomorphic to Z[%] X Z (cf. [3]) and contains Z[}%] as a
non-free subgroup of infinite index. Hence, also in the case G = B(1, k) with |k| > 2, the
group G has a non-free subgroup of infinite index, in contradiction to the hypothesis.
Subcase 2b: Assume that (u) N x(v)z~! is finite for every z € H. Since G is torsion free,
we get (u) Nx{v)z~! = {1}. By [13], it follows that G is word hyperbolic. As in the proof
of Theorem 4.2, we see that G is one-ended, and then an application of [27] finishes the
proof. L]
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