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ABSTRACT. In 1977, Makanin established the decidability of equations in free monoids. A
key ingredient in his proof is the exponent of periodicity: for a word w, it is the largest
exponent e such that w contains a nonempty factor of the form p°. Makanin showed the
following for a system of equations in free monoids: if the system has a solution with a
sufficiently large exponent of periodicity, then it has infinitely many solutions. However,
the converse — whether the existence of infinitely many solutions implies the existence of
solutions with arbitrarily large exponent of periodicity — remains open.

In this paper, we investigate the analogous problem for quadratic equations in finitely
generated groups. We use normal forms to define the exponent of periodicity. We then
identify structural conditions on groups and their normal forms that guarantee that infinite
solution sets of quadratic systems have an unbounded exponent of periodicity. We prove
that these conditions are preserved under graph products and, in particular, hold for all
finitely generated right-angled Artin groups. In addition, we show that they also hold for
finitely generated (graph products of) torsion-free nilpotent and hyperbolic groups, and we
characterize the Baumslag-Solitar groups satisfying them.

Dedicated to Alexei Miasnikov
on the occasion of his birthday.

1. INTRODUCTION

All formal definitions and results mentioned in the introduction are given or repeated in the
main body of the paper. Various statements in the main body are formulated with respect
to constraints. For better reading, constraints are not discussed in this introductory section.
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1.1. A Brief History of Word Equations. We begin this excursion not with Diophantus
of Alexandria, but more than 1700 years later.! In the mid-1960s, it was known that the
satisfiability problem for word equations in free semigroups reduces to Hilbert’s Tenth
Problem. But this track was not used when Matiyasevich [45] showed in 1970 that Hilbert’s
Tenth Problem is undecidable, using previous results by Robinson, Davis, and Putnam.?

The breakthrough regarding the satisfiability problem for word equations in free monoids
and semigroups is due to Makanin. He showed in 1977 in his seminal paper [42] that the
existential theory in free semigroups is indeed decidable. In Makanin’s proof (of about 80
dense pages), the notion of the ezponent of periodicity plays a central role. The exponent
of periodicity exp(w) of a word w is the largest natural number e such that we can write
w = up®v where p is nonempty.® For a set L of words, the exponent of periodicity, denoted
by exp(L), is defined as the supremum sup{exp(w)|w e L} e NU{oo}.

The interest here is in the exponent of periodicity of the solution set Sol(S) of a given
finite system of word equations S. Let I' and X be finite sets of constants and variables,
respectively. Then S is a set of equations U =V where U,V € (I'u X)*, and a solution of S
is given by a mapping o : X — I'* such that substituting every occurrence of every X € X by
its corresponding image o(X) € I'* yields an equality o(U) =o(V) eI for all (U=V)e€S.
We then define the exponent of periodicity of a solution o € Sol(S) and of the system of word
equations itself by exp(o) = exp(c(X)) and exp(S) = sup{exp(o) | o € Sol(S)}, respectively.

In his paper, Makanin crucially used a result of Hmelevskii [30] that the exponent of
periodicity exp(o) of a shortest solution o : X - I'* of a finite system word equation S is
bounded by a computable function f in the input size. Moreover, if there is any o’ € Sol(S)
with a higher exponent than f(n), where n is the input size of S, then there are infinitely
many solutions and, in addition, we have exp(S) = co. The amazing fact is that we do not
know whether the converse holds.

Problem 1.1. Does the existence of infinitely many solutions for a finite system of word
equations S in a free semigroup imply exp(S) = oo?

We believe that Problem 1.1 has a positive answer, but so far we have only been able
to prove this conjecture in restricted cases. The state of the art (as it is known to the
authors to date) is reported in our paper [19], which provides a positive result for quadratic
equations (with certain regular constraints) and for equations with at most two variables.

The support for our conjecture (that Problem 1.1 has a positive answer) is based on the
fact that Makanin’s algorithm, which decides whether U =V is solvable, can be modified to
decide whether there are infinitely many solution. This has been shown by Plandowski and
Schubert [52]. The reduction is simple, so we briefly explain it.

Consider any finite system of word equations S. For satisfiability, that is deciding
the existence of a solution, it is enough to consider a shortest solution. If its exponent of
periodicity is sufficiently large, then, by [30], a shortest solution generates for every n e N
another solution having an exponent of periodicity larger than n.

However, for deciding whether S has infinitely many solution, it does not suffice to
consider just shortest solutions. Let n = |S|| be the input size of the system.? We need an
effective upper bound (in terms of n) on the maximal exponent of periodicity exp(o) for a

!Ceci n’est pas une publicité pour [12] comme l'aurait dit René Magritte (1898-1967).
For a brief history of Hilbert’s Tenth Problem, we refer to [9].

3This implies that p is a primitive word.

iSay, [S] =1+ 0|+ |X] + £ avyes [UV].
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solution o minimizing the total length ¥ _y)es [0(UV')|. Given such a computable upper
bound n — f(n), we can decide whether there are infinitely many solutions as follows: It
is known (see e.g. [11, p. 432]) that Makanin’s algorithm produces for every N, a finite
directed search graph M(S, N) describing all solutions in the set

Sol(S,N) = {o € Sol(S) | exp(c) < f(N)}. (1.1)

Moreover, M(S, f(|S]|)) has the property that if it contains a nontrivial strongly connected
component, then |Sol(S)| = co. Now, for any upper bound N on f(|S|)) it holds that
as soon as there is a solution o such that exp(c) > N, then [Sol(S)| = co. To reduce the
problem, we guess a constant a € I' and a variable X € X. Then, following Plandowski
and Schubert, we introduce three fresh variables P, Z,(Q and add an additional equation
X = P(aZ)NQ. This yields a system Sy of word equations, and we can decide whether
there is a solution using Makanin’s algorithm. If Sol(Sy) # @, then |[Sol(S)| = .

If Sy has no solution, then we construct the search graph M(S, N) and check whether
it contains a nontrivial strongly connected component. If so, then [Sol(S)| = co and if not,
then |Sol(S)| < co. This gives an effective decision procedure to decide whether Sol(S) has
infinitely many solutions.> The remaining obstacle to resolving Problem 1.1 is that we
cannot yet exclude that S has infinitely many solutions ¢, while exp(o) remains bounded.®

In this paper, we focus on equations over torsion-free groups. Makanin showed in [43, 44|
that both, the existential theory of equations and the positive theory in free groups are
decidable. In this setting, let F' = F'(I';) be a free group over a finite basis Iy ¢ F'. Thus
=T, ul'7!is a set with an involution a ~ @ = a™!. Likewise, the set of variables X comes
with an involution X ~ X. Both involutions are without fixed points, and we only allow
mappings o : X — F that respect the involution: we require o(X) = o(X) for all variables.

To solve an equation W =1 in a free group, the immediate idea is to use the fact that
there is a canonical bijection between the group and the regular set of reduced words NF c I'*
(words without any factor aa for a € I'). We represent an element in F' by its unique reduced
normal form in NF. More precisely, for g € F', we let nf(g) € NF be the unique word such
that m(nf(g)) = g, where 7 : I'* - F' is the canonical epimorphism.

This enables a reduction to the existential theory of word equations U =V in the free
monoid with involution (I' U X')*, under the constraint that a solution o maps variables to
reduced words. Crucially, in Makanin’s proof, the result regarding the exponent of periodicity
can be extended to free monoids with involution. If ¢ is a shortest solution of an equation,
then exp(o) can again be bounded by a singly exponential function.

Remarkably, the result also holds in the opposite direction: if a system S of equations
has infinitely many solutions o : X — F', then exp(S) = oo where

exp(S) = sup{exp(nf(c(X))) | X € X Ao solves S in F}.

According to personal communication with the authors, this positive result was estab-
lished during the work on the positive solution of Tarski’s conjectures by Kharlampovich and

"The paper [52] yields a polynomial-time reduction of the finiteness problem for Sol(S) to the satisfiability
problem for a finite system of word equations. Firstly, they use that N can be chosen to be singly exponential
in the input size and, secondly, they use fast exponentiation via additional variables.

6There currently seem to be no ideas on how to construct such an example, and another conjecture
suggests that Al-based computer searches will not be helpful in finding one.
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Miasnikov [37], as well as Sela [55]. Thus, the answer to Problem 1.1 is ‘yes’ for free groups;’
however, an explicit statement of this specific form was not provided in their original papers.

There is another (much simpler) class of groups where we know that solution sets for
systems with infinitely many solutions have an infinite exponent of periodicity (with respect
to their usual normal forms): the class of finitely generated free Abelian groups. This raises
the natural question of what whether this is also true for classes ‘in between’.

The most well-studied class sitting between free groups and free Abelian groups consists
of (torsion-free) free partially commutative groups, which are also called right-angled Artin
groups. It is known from [18] that the existential theory of these groups is decidable. This is
achieved by a reduction to the existential theory of free partially commutative monoids with
involution. The decidability of the existential theory of these monoids, without involution
but with recognizable constraints, is due to Matiyasevich [46]; see also [17]. To handle
involutions, it was necessary to find a normal form compatible with the involution. No such
normal form existed in the literature before [18].8

For the purpose of the introduction, let I' be a finite set with an involution a + a; that is,
with @ = a for all @ € I'. This involution is extended to I'* by stipulating wv = vu for all u,v € I'*.
Moreover, let I ¢ T' xI" be an irreflexive symmetric relation with (a,b) € I < (b,a) € I.
We then define the free partially commutative monoid M (T, I) with involution and the
corresponding free partially commutative group G(T',I) as

M(D,I)=T*/{ab=ba| (a,b) € I} and G(T,I) = M(T,I)/{ad=1|acD}.  (12)

Since I' is finite, we only consider finitely generated free partially commutative monoids
and groups here. Free partially commutative monoids (without an involution) were introduced
by Cartier and Foata [5]. Following computer science notation, an element in M (I',I) is
called a trace, and M(T',I) is also known as a trace monoid.”

A free partially commutative group (in the above sense) is torsion-free if and only if the
involution on I' is without fixed points, that is, a # a for all a € I'. These groups were first
studied by Droms [21], who called them graph groups. In a more geometric interpretation, a
graph group is equivalent to a right-angled Artin group (RAAG). Note that, in general, (1.2)
also includes every right-angled Cozeter group (RACG), where the free partially commutative
group G(T',T) is such a group if every letter in I' is self-involuting, that is, a = a for all a € T.

Let us say a little bit more about the the complexity of deciding the existential theories in
the algebraic structures defined by (1.2). The first estimates of the complexity of Makanin’s
algorithm [42] led to upper time bounds involving a tower of six or seven exponentials. Using
known facts about solving systems of linear equations over the rationals, it was not too hard
to find an exponential space bound [11, Thm. 12.4.2]. A different approach was taken by
Plandowski and Rytter [51] who applied Lempel-Ziv encodings to show that the satisfiability
of word equations in free monoids is decidable in PSPACE. They also conjectured that the
satisfiability problem for word equations is NP-complete, which motivated a revival of the
research on Diophantine problems in other algebraic structures. For example, it was possible
to prove a PSPACE upper bound for the existential theories in free partially commutative
monoids and groups, which were then subsumed by the results in [16] on the existential
theory in graph products.

"This may be viewed as further support for our conjecture in the free monoid case.
8The normal form’s name was not Susan; so the authors of [18] were not desperately seeking it.
9The term is due to Mazurkiewicz [47]; it should not be confused with the trace of a matrix.
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Conjecture 1.2. The satisfiability of word equations in free monoids is NP-complete.

Kharlampovich et al. [36] settled that NP-completeness holds for the satisfiability of
quadratic equations over free groups. But so far, the attempts to prove the analogue for
quadratic equations over free monoids failed, and Conjecture 1.2 remains wide open.

Shortly after, Jez [33] came up with the intriguing idea of recompression: his conference
paper presented in less that 12 pages an algorithm (and a correctness proof thereof) which
showed that the satisfiability of word equations in free monoids is in NSPACE(nlogn).1°
This has since been improved to a non-deterministic linear space bound by Jez [34]."

Analyzing the recompression technique in more detail revealed another unexpected
result on the structure of the full solution set of a word equations in free groups, hyperbolic
groups, and free partially commutative monoids and groups. In each case the full solution
set is an EDTOL-language, which is perhaps the most interesting class among languages
given by Lindenmayer systems. We refer to [54] for a collection of results about Lindenmayer
systems, and for the characterization of EDTOL by Asveld [2]. In [7] it was shown that the
full solution set in free groups is EDTOL. This was generalized to RAAGs [14], to virtually
free groups [13], and to hyperbolic groups [8]. More recently, Levine [40] considered group
extensions, and Duncan, Evetts, Holt, and Rees [24] used EDTOL-systems to study equation
in solvable Baumslag-Solitar groups. The story is bound to continue.'?

1.2. Our Main Results. Our results concern the family G consisting of triples [G, 7, nf]
where G is a group, 7: I'* - G an epimorphism, and nf : G - I'* a normal form such that:3

(1) The group G is torsion free and the set 2/g={h e G |h? =g} is finite for every g € G.

(2) The domain of 7 : I'" - G is a finitely generated free monoid — hence, G is finitely
generated — and nf : G — I'* is a section of 7, meaning that m(nf(g)) = ¢ for all g € G.

(3) For all u,p,v € G with p # 1 and for every n € N, there exists an N € N such that the
word nf(up™Nv) contains a nonempty factor ¢" € I'*. We denote this property (which
depends on the normal form nf) as exp(nf(up*v)) = co.

Membership in G crucially depends on the choice of the pair (m,nf). If a finitely
generated group G satisfies the first item, then we might artificially define 7 : I'* - G and
nf : G - I' in such a way that [G,7,nf] ¢ G. In our examples, we mostly investigate groups
G alongside some ‘natural’ choice of the pair (7,nf). For instance, [Z, 7, nf] belongs to G for
the most obvious choice of (7, nf), viz. the epimorphism 7 : I'* — Z induced by the inclusion
I' = {+1} € Z and its unique section nf : Z — I'* with image nf(Z) = {-1}* u {+1}*.

Our first main result on the family G is the following closure property.

Theorem 1.3. Let G be a graph product over finitely many groups G with [G,7g,nfg] € G.
Then [G,ng,nfg] € G for a natural construction of (wg,nfg) depending only on the (wg,nfg).

Our second main result, and our primary motivation for studying the family G, concerns
the exponent of periodicity for solution sets of quadratic equations.

Theorem 1.4. Let [G,m,nf] € G. Further, let S be a finite quadratic system of equations
over the group G in a set of variables X. If the system & has infinitely many solutions, then
there exists a variable X € X such that exp(nf({o(X) | o solves S§})) = oo.

10Without his expectation estimates, the proof is shorter and still gives an NSPACE(n2 logn) bound.
1Jez also showed that the set of all satisfiable word equations is context-sensitive.

12However, brief histories have to stop; even The Neverending Story [26] ends after 448 pages.

134 usual, objects in the family G are abstract and defined up to isomorphism.
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Combining the above results, we immediately obtain the following.

Corollary 1.5. Let G be a graph product over finitely many groups G with [G,wg,nfg] € G,
and let (mg,nfg) be as in Theorem 1.3. If a finite quadratic system of equations S over G
has infinitely many solutions, then exp(nfg({o(X) | o solves 8})) = oo for some variable X .

As an abstract result, Corollary 1.5 is most interesting when applied to natural triples.
For example, finitely generated free groups belong to G with the standard presentation and
normal forms given by reduced words. This was shown first with a combinatorial proof by
Bastien Laboureix (unpublished) during an internship at Stuttgart in 2019.14

On the other hand, Corollary 1.5 is more powerful. Asshown above, we have [Z, 7,nf] € G
with the most natural choices. Hence, the example of free groups is just a special case of the
following corollary for right-angled Artin groups.

Corollary 1.6. Suppose that G = G(T', 1) is a right-angled Artin group. Then [G, 7, nfgex] €
G where w: T - G is the canonical epimorphism and nfgey : G = I'* is the short-lex normal
form with respect to any linear order < on I'. Thus, in particular, Theorem 1.4 applies.

Moreover, the family G is much larger than the family of right-angled Artin groups: we
show that it includes graph products over finitely many groups from the following list.

¢ An infinite class of Baumslag-Solitar groups, which we characterize in Section 7.2.

e An infinite class of (strongly) polycyclic groups properly containing all finitely generated
torsion-free nilpotent groups; see Section 7.3.

e The class of all torsion-free hyperbolic groups; see Section 7.4.

On our rather long way to show the main results, we present some original proofs.!®
For example, we show that a any graph product of torsion-free monoids is torsion free
(Theorem 5.9), which generalizes a result of Green for graph product of groups [28, Thm. 3.26].

2. PRELIMINARIES

We use standard notation of set theory. Frequently, we identify an element with the singleton
containing this element. The restriction of a mapping ¢ : B — C to some A ¢ B is still
denoted 1. The set of mappings from A to B is denoted by BA. If ¢: A > Band ¢: B > C
are mappings then the composition ¥ : A — C' is defined by ¥p(a) = ¥ (p(a)).

By N and Z we denote the set of natural numbers and integers, respectively; the set N,
consists of the positive natural numbers. For monoids N, M we write N < M if N is a
submonoid of M, and if M = G is a group, then N 4 G means that IV is a normal subgroup.

Let X be a set, then X* denotes the free monoid over . In this context ¥ is a (possibly
infinite) alphabet, the elements of 3 are called letters, and the elements of ¥* are called
words. The empty word is denoted by 1, as is the neutral element in other monoids. If
w e X" is a word, then |w| denotes its length and |w|, denotes the number of occurrences
of the letter a € ¥ within w so that, in particular, |w| = ¥ cx2 |w|q. If T is finite and < is a
linear order on I', then every nonempty subset L ¢ I'* has a short-lex first word, which is
lexicographically first with respect to < among the words of minimal length in L.

Mg proof followed an outline communicated by Olga Kharlampovich.

15First ideas for the paper came to light, soon after the joint Miasnikov- and GAGTA-conference at
Stevens Institute (Hoboken, NJ) while flying during sunrise in June 2025 across Tipperary (Ireland) on the
long way to go home. It was indeed a long, long way to go before a draft of this paper was ready.
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A monoid is finitely generated, abbreviated f.g., if there is an epimorphism of monoids
m: I — M where I is a finite set, and therefore, 7(I') € M is finite generating subset of M.

An element x of a monoid M with x # 1 is called a torsion element if there are r,p e N
with p > 1 such that 2"*P = z". We call M torsion free if it contains no such element.

For x € M, we also define its set of square roots as /x = {y € M | y* = x} and we say
that M has the finite square roots property if 2/x is finite for every element z € M.

2.1. Regular, Rational, and Recognizable Sets. The family of regular sets over a finite
alphabet T, which we denote by Reg(I'*), is defined as usual in formal language theory, see
e.g. [25, 32] or any other textbook about formal languages.'® For any monoid M, we denote
the family of rational subsets of M by Rat(M). It consists of those subsets L ¢ M which
can be written as the image L = ¢)(K) of some regular set K € Reg(I'*), where T is a finite
alphabet, under a homomorphism ¢ : I'* - M.

There are at least two other common characterizations of Rat(M). The first one is by
reqular expressions. It say that Rat(M) is the least family of subsets which contains all finite
subsets of M and which is closed under finite union, concatenation, and the star-operator
which is defined for L ¢ M by the union L* = U{L*|i € N} where L° = {1} and L**' = - L
for ¢ € N. That is, L” is the submonoid of M which is generated by L.

The second characterization is based on the concept of nondeterministic automata. An
M -automaton A is a tuple A= (Q, M, 0,1, F) where Q is the set of states, I € @ is the set
of initial states, F' € @) is the set of final states, and § € QQ x M x @) is the transition relation.
The accepted language of the M-automaton A is defined as usual:

L(A) = {z € M | z is the label of some path from an initial state to a final state}.

The automaton A is called complete if for every p € Q and x € M there is a path from p
to some state g which is labeled by x. It is called deterministic if there is exactly one initial
state qp and for each state p there is at most one g such that there is a path labelled by x
from p to ¢. In this case we also write ¢ = p-z. If A is complete and deterministic, then
(p,z) = p-x defines a right-action of M on Q. Finally, if  and ¢ are finite, then we say
that A is finite. A nondeterministic finite M-automaton is abbreviated as an M-NFA, and
it is abbreviated as an M-DFA if A is deterministic. It is easy to see that L € Rat(M) if
and only if L is accepted by some M-NFA A, meaning that L = L(A).

Apart from rational subsets, there is also the family Rec(M) of recognizable subsets of M.
It consists of those subsets L € M that are recognized by some homomorphism p: M - N
to a finite monoid N, which means that L = =1 (u(L)).

For finitely generated free monoids, the above concepts coincide: Kleene’s Theorem [38]
asserts that, for every f.g. free monoid I'*, every L € Rat(I'*) is accepted by some complete
DFA A and is thus recognized by the induced homomorphism to the transformation monoid
on the set of states of A. As a consequence Reg(I'*) = Rat(I"*) = Rec(I").

On the other hand, if M = G is an infinite group, then its nonempty finite subsets are
rational, but they are never recognizable because the kernel p~(1) of any homomorphism
u:G — N to a finite monoid N is a subgroup of finite index in G and, hence, infinite.

For the following facts on rational and recognizable sets, we refer to [25] and [15, Sec. 7).

e A monoid M is f.g. if and only if Rec(M) c Rat(M) if and only if M € Rat(M).
e For every homomorphism ¢ : M — M’, the following implications hold.

167 gubset in a f.g. free monoids is also called a language.
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— If L e Rat(M), then (L) € Rat(M").
— If L' e Rec(M"), then o 1 (L') € Rec(M).

e The family Rec(M) is a Boolean algebra with respect to the standard set operations.

e If M contains the free product N, * (N, x N, ), then Rat(M) is not closed under finite
intersection.'” In particular, this implies Rat(M) # Rec(M).

If we speak about a regular set, then we always refer to a subset of a f.g. free monoid.
This is to avoid confusion, since some literature defines Reg(M) for a general monoid M as
either Rat(M) or as Rec(M) (or sometimes even as something completely different).

3. THE EXPONENT OF PERIODICITY

Throughout this section, let I" be a finite alphabet. Then the exponent of periodicity of a
word w € I'* and of a language L € T'* are defined as follows.

exp(w) =max{ee N|w=up®vAp+1}eN (3.1)

exp(L) = sup{exp(w) |we L} e Nu{oo}. (3.2)

We are mainly interested in the asymptotical behavior of the exponent of periodicity. To this
end, we call a language L € I'* periodically nice if the equivalence exp(L) = 0o <> |L| = o0
holds; thus a periodically nice language is either finite or has infinite exponent of periodicity.

Sometimes we also deal with periodically perfect languages L € I'*. These are those
languages which satisfy a much stronger property: for every n € N there exists an N ¢ N
such that |w| > N implies exp(w) > n for all w € L. Informally, a language L is periodically
perfect if every long word w € L has high exponent of periodicity. Theorem 3.6 below shows
that, for regular languages, these two notions are closely related.

To extend the concept of the exponent of periodicity to arbitrary finitely generated
monoids, we make use of normal forms.

Definition 3.1. Let 7 : I'* - M be an epimorphism onto a monoid M. A normal form
(with respect to ) is a mapping nf : M — I'* such that w(nf(x)) =z for all x € M. We say
that nf is geodesic if the normal form nf(x) of every z € M has minimal length in 7~ %(z).

The two specific types of normal forms that we are interested in are defined next. We
allow that nf1 # 1 € I'* because the the proofs do not need nf(1) =1. On the other hand,
in all concrete constructions and examples nf(w) does not have a nontrivial factor v with
m(w) = 1. This is also true for the ‘weird’ normal forms in Example 3.3.

Definition 3.2. Let nf : M — I'* be a normal form with respect to 7: M — I'*.

e The normal form nf, and the pair (7, nf), are called admissible if the set nf(up*v) is
periodically nice for all u,p,v € M. That is, exp(nf(up*v)) = co whenever up*v is infinite.

e The normal form nf, and the pair (7,nf), are called perfectly admissible if nf(up*v) is
periodically perfect for all u,p,v € M. That is, if for for each n € N there is some N ¢ N
such that every word w € nf (up*v) with |w| > N satisfies exp(w) > n.

Note that a perfectly admissible pair (7, nf) is admissible (since we assume throughout
that T is finite). Note also that using normal forms is essential for defining the exponent of
periodicity for elements and sets of monoids. For example, if a monoid M contains some
subgroup G which has an element g of infinite order, then the set {g"¢g™ | g € G An € N}

17 fact, closure of Rat(M) under finite intersection should be viewed as a rare exception.
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would have an infinite exponent of periodicity under the naive definition, even though
it has but a single element. However, when using normal forms, the property whether
exp(nf(S)) = oo for some S ¢ M depends highly on the choice of the normal form. The
following example shows that it is quite easy to construct ‘weird’ normal forms which are
geodesic but still not admissible. The example uses the additive monoid N, but it clearly
extends to every monoid or group with an infinite monogenetic submonoid.'®

Example 3.3 (Weird Normal Forms). Consider a two-letter alphabet I" = {a,b} and the
presentation 7 : I'* - N given by a » 1 and b —» 1. In order to construct a geodesic
normal form nf : N — {a,b}*, we simply let nf(n) be the prefix of length n of the (infinite)
Thue-Morse word t = abbabaabbaababba---, which is the fixed point of the homomorphism
defined by a — ab,b — ba. Since the Thue-Morse word t is cube free [41, Prop. 3.1.1], we
have exp(nf(n)) <2 for all n e N. 3

On the other hand, the usual normal forms of the free group F'(T"), of the free Abelian
group Z™ and its submonoid N", as well as of any finite monoid are all perfectly admissible.

Remark 3.4. We are mainly interested in f.g. monoids with a decidable word problem.
Suppose that 7 :I'* - M is an epimorphism where I' is finite and < is a linear order on I,
and that nf : M - I'* is any normal form where nf(M) ¢ T'* is a recursively enumerable.
Let us also consider the short-lex normal form nfgey, : M — T'*, where nfgec(z) € T'* is the
lexicographically first among all shortest words in 77 (). Then the following are equivalent.

(1) The monoid M has a decidable word problem.
(2) On input w € I'* we can compute the the short-lex normal form nfge, ().
(3) On input w € I'* we can compute the normal form nf(w(w)).

The implication (1) = (3) is standard: we start w € I'* and the run the enumeration to
list all words in nf(M ), we stop at the first hit where the enumeration outputs a word u such
that m(u) = 7(w). This implies nf(w) = w. For the other direction (3) = (1) we compute on
u,v € I'* the normal forms nf(u) and nf(v). Clearly, 7(u) = 7(v) < nf(u) =nf(v). We are
done because short-lex normal forms are computable. o

Lemma 3.5. For every language L € T'*, the following assertions are equivalent.

(1) The language L is periodically perfect.
(2) Every subset K < L is periodically perfect.
(3) Every subset K < L is periodically nice.

In particular, any periodically perfect language is periodically nice.

Proof. The equivalence (1) <> (2) and the implication (2) = (3) are straightforward. The
proof of (3) = (1) is by contraposition. If L is not periodically perfect, then there exists
some n € N such that L contains arbitrarily long words with exponent of periodicity less
than n. These words form a subset K € L which is not periodically nice. L]

All regular and context-free languages are periodically nice by the corresponding pumping
lemmas. On the other hand, I'* is not periodically perfect, provided that I' has at least two
elements. In fact, being periodically perfect is, in some sense, quite rare even for regular
languages, as is evident from the following characterization.

18Recall that a monogenetic submonoid refers to a submonoid generated by a single element.
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Theorem 3.6. Let L cT'* be a regular language and L = L(A) where A is a deterministic
and trim automaton'® accepting L. Then the following assertions are equivalent.

(1) The stabilizer of each state is of the form w* for some w e I'*. That is, there is at most
one simple cycle attached to every state of A.

(2) The regular language L is periodically perfect. That is, for every n € N there exists
an N €N such that |w| > N implies exp(w) >n for all w e L.

Proof. The assertion holds if L(.A) is finite. Therefore, we may assume that L(.A) is infinite.

Suppose that the stabilizer of each state is of the form w* for some w € I'*. Let n e N.
Then the accepting path of every sufficiently long word in x € L(.A) has to visit some state
at least n times. Since this state has a stabilizer of the form w* for some w € I'* with w # 1,
we can factorize the word x as x = uw™v. This shows that L(.A) is periodically perfect.

For the converse, assume that there is a state g stabilized by both u* and v* for some
words u,v € I'* with u ¢ v* and v ¢ u*. By the Defect Theorem (see e.g. [41, Thm. 6.2.1])
either {u,v} is a code with u # v or there is some w € I'* such that u = w* and v = w*.

In the second case, we may assume without restriction that k < £. Since u ¢ v*, v ¢ u”,
and A is deterministic, there is also a loop around ¢ labeled by v/ = w** and the loop
around ¢ labeled by v was not simple. Continuing in this way, we eventually see that either
the stabilizer of ¢ is indeed of the form w* for some word w € I'*, or we reach a situation in
which {u,v} is a code with u # v. We claim that the latter cannot occur.

Indeed, since A is trim, there exists r, s € I'* such that qq - r = ¢, where ¢g is the starting
state of A, and such that ¢-s is a final state. Then the set r{u,v}*s belongs to L = L(.A), but
contains arbitrarily long words with bounded exponent of periodicity whenever {u,v} is a
code with u # v. For example, we can consider consider the set T' ¢ {a,b}* of all finite prefixes
of the Thue-Morse word ¢ as in Example 3.3. Upon applying the injective homomorphism
¢:{a,b}* - T'* defined by ¢(a) = u and ¢(b) = v, we obtain the set ¢(T) € {u,v}*. By the
following Lemma 3.7, this set has bounded exponent of periodicity. Hence, K = rp(T)s is
an infinite subset of L with bounded exponent of periodicity, contradicting Lemma 3.5. []

To the best of our knowledge, there are so far no published proofs of the statement in
the following lemma.

Lemma 3.7. Let h: T'" - A" be an injective homomorphism for some finite alphabet T'.
Then it holds that exp(h(w)) € O(exp(w)) for all w e T as exp(w) tends to infinity.
In particular, every L € T'* satisfies exp(L) = oo if and only if exp(h(L)) = oco.

Proof. Since the homomorphism h maps nonempty words to nonempty words, we clearly have
exp(w) < exp(h(w)) for all w e T'*. Conversely, let w € I'* with k = exp(h(w)) sufficiently
large. More specifically, we require that k > 2m? where m = max{|h(a)|| a € T'}.

By assumption, we have h(w) = up®v for some u,v € A* and p € A*. For every 0 <i <m,
let us write w; for the minimal prefix of w such that up®™ is a prefix of h(w;). Then the
difference in length d; = |h(w;)| - [up*™| is bounded by 0 < d; < m for all 0 <i < m. Let us
now fix 4 and j with 0 <7 < j <m and d; = dj; such indices exist by the pigeon hole principle.

We then find ourselves in the following situation: up’™ is a prefix of h(w;), which in turn
is a proper prefix of up?™, which is a prefix of h(wj). Moreover, writing p™ = rs with r, s € A*
and |r| = d; = dj, we have up"™r = h(w;) and up’™r = h(w;). Hence, the unique word q € T'*
with w;q = w; satisfies h(q) = (s7)U™)™. Tt then follows that h(w;q™) = up*™p™ U=y,

19Tvim means that every state is on some accepting path.
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This is a prefix of h(w) = up®v in case i-m+n-(j—i)-m+m < k. Since the left side of this
inequality can be bounded above by (n +2)-m?2, the latter holds for n = |k/m?| - 2.

We have shown that h(w;q") with n = |k/m?|-2 is a prefix of h(w). Since h is an injective
homomorphism, it follows that w;q" is a prefix of w. Hence, exp(w) > n > Q(exp(h(w))). [J

We conclude this section with a variant of the pumping lemma for regular languages.

Lemma 3.8. Let M be a cancellative torsion-free monoid equipped with an admissible
normal form nf. Then nf(L) is periodically nice for every set L € Rat(M).

Proof. Let A be a finite M-automaton with n states such that the language L = L(A) is
infinite. We have to show that then exp(nf(L)) = oo as well. Since L is infinite, there must
exist an element w € L such that the shortest path in A accepting w has length greater
than n. It must therefore visit some state of A twice, yielding a factorization

with u,p,v € M and p # 1. Since M is torsion-free, this implies [p*| = oco. Moreover,
cancellativity implies that left and right multiplication are injective in M, and thus up*v is
infinite as well. Finally, the admissibility of nf means that exp(nf(up*v)) = oo, proving the
claim since up*v € L by construction. O]

In the following we are interested in examples of the just discussed properties. We start
with the behavior with regard to taking graph products and, afterwards, we examine some
important classes of groups and normal forms canonically associated with them.

4. FREE PARTIALLY COMMUTATIVE MONOIDS AND GROUPS

Our results on graph products rely on the theory of free partially commutative monoids.
Let ' be any set and I ¢ I' xI' an irreflexive and symmetric relation. Associated with
this data is the free partially commutative monoid, as introduced by Cartier and Foata [5],

M@, I)=T"/{(ab="ba | (a,b) e I} =T"/{ab=ba | (a,b) € I}. (4.1)

Thus, the monoid M (T', I') comes with a canonical epimorphism 6 : I'* — M (I", I). Adopting
the computer-science terminology, an element in M(T",T) is called a trace and M(T',T) is
called a trace monoid.?’ Let u,v be words in T'* such that 6(u) and 6(v) are equal as traces
in M(T,I), then |u| = |[v| but, otherwise, the words might have a quite different shape.

The pair (T', 1) is also called an independence alphabet.! Tt is viewed as an undirected
graph. Without restriction we assume that I' is a set with involution — that is, there is a
bijection a — a such that a = a for all ¢ € I' — and that the involution is compatible with the
independence relation I in the sense that (a,b) € I < (a,b) € I for all a,beT. (For example,
one can always take the identity as an involution, so that a = a for all a € I".) The involution
can then be extended to I'* and to M (I",I) in such a way that Ty = y& holds for all z,y.

20The term is due to Mazurkiewicz [47]. It must not be confused with the trace of a matrix.
21The wording of independence was coined in computer science, where letters denote events using a
nonempty set of resources. Thus, independent events commute, but no event is independent of itself.
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Using the involution, the pair (I',I) defines a canonical quotient group of M (I',I) by
G(T,I)=M(T,I)/{aa=1]acT}, (4.2)

which we call a free partially commutative group. If a # a for all a € I', then such a group
is also called a graph group by Droms, [21], because we can view the pair (I',I) as an
undirected graph. The family of graph groups coincides with the family of right-angled Artin
groups, or RAAGs. If we have a = a for all a € T, then G(I', 1) is a right-angled Cozeter
group.

The theory of trace monoids is well-established and the cornerstone to understanding
RAAGs and, more generally, free partially commutative groups according to the above
definition. We recall some well-known basic facts from this theory in Section 4.1.

4.1. Rudiments of Trace Theory. Using the notation from above, let v = ay---a;, € T'*
such that a; € I' for all 1 <i <m. Further, let z = §(u) be the associated trace in M (I',I). In
general, the trace x may be represented in this way by many different words u. Nonetheless,
x has a well-defined length |x| = |u| and a well-defined a-length |z|, = |ul, for every a € T.

If the alphabet I' is given a linear order <,?2 then the lexicographical order of T'™* defines
a normal form nfi,, : M (T, I) - I'* such that nfi..(x) is a shortest word in 071 (z) for all
x € M(T,I). Therefore, in trace monoids we have nfjey = nfgjey.

In order to have a unique representation of x we define a vertex-labeled directed graph
(pos(z), E(x),\) where pos(z) is the set of vertices, which we call positions, and E(x) is
the set of directed edges (or arcs), and A is the vertex labeling. This graph is called the
dependence graph of x. This central notion for trace theory is defined next.?

e We let pos(z) ={1,...,m}. A vertex in pos(x) is also called a position.

e We let \:pos(x) - I' be the vertex labeling where \(i) = a; € I

e Welet E(x)={(i,j)|1<i<j<mAn(aja;) ¢}

e The dependence graph D(x) is the abstract graph [V (z), E(x), A], which is the equivalence
class of the concrete graph (pos(z), E(z),\) up to isomorphism.

The dependence graph D(x) induces a vertex-labeled partial order P(x) = [pos(z),<,\],
where < is the reflexive and transitive closure of F(x); and we denote by H(x) the Hasse
diagram of the induced partial order P(x). That is, p - ¢ is an arc in H(«) if and only if
both, p - ¢ is an arc in E(z) and there is no position r with p <7 < ¢. The arcs in H(x)
are called Hasse arcs. If a Hasse arc p — ¢ has the labeling a = A(p) and b = A(a), then, for
better readability, we also sometimes write a — b instead of p — ¢.

The set of positions (that is, the set of vertices) of D(x), P(z), and H(x) are identical.
Note that for every 1 < i < |z|, the i-th position labeled by a letter a is well-defined as a
position in the abstract graphs. A standard result in trace theory due to Mazurkiewicz [47],
which also appears implicitly in the earlier work of Keller [35], says that x = 2" in M (T, I) if
and only if D(x) = D(a') if and only if P(x) = P(2') if and only if H(z) = H(z"). A proof
of this result can also be found in [20, Chapt. 1] and [10].

Definition 4.1. For z € T'* we define its alphabet y(x) by y(x) ={a €T | |z|, > 1} and, for
x,ye M(I',I), we write (z,y) € I (and call x and y independent) if y(x) x y(y) € I. Thus,
the independence relation I becomes an irreflexive and symmetric relation between traces.

22According to ISO 2382 and DIN 44300, an alphabet is a finite set together with a linear order.
2380ome say that Plato wrote about 380 BCE at the entrance of his school: ‘Whoever is not proficient to
deal with dependence graphs should not enter the following sections.’
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A step in M(T',I) is a product over pairwise independent letters; that is, s € M(I',I) is
a step if it can be written as a product s = [T{a; | i € {1,...,m}} such that (a;,a;) € I for all
1 <i<j<m. Note that |s| cannot be greater than the size of a largest clique in (T, I).

As usual in graph theory, we say that a trace x € M (I',I) is connected if its dependence
graph D(z) (or its Hasse diagram H(x)), viewed as an undirected graph, is connected.
Equivalently, = is connected if its alphabet induces a connected subgraph in the undirected
graph (I, D) where D =T' x '\ I. The pair (I', D) is called a dependence alphabet.>*

Definition 4.2. Let 2 € M(T',I) be a trace. By min(z) (resp. max(x)) we mean the set of
minimal (resp. maximal) positions. We write miny(z) and maxy(x) for the steps obtained
by taking the product over the labels of the corresponding positions.?’

Every trace x € M(T',I) can be written as a product z = z(1)...z(?) of traces such that
each #(¢) is nontrivial and connected for all 1 <c¢ < d and ({9, 2(9)) eI forall 1<c<e<d.
The positions in each 2(9) thus form a connected component in D(z). As a consequence of
this, it is easy to see that if min(z) nmax(x) # @, then either |z| <1 or z is disconnected.

The next proposition characterizes factors in a trace x, to be exactly the convex subsets
in the dependence graph of x. Recall that a subset of vertices U in a directed graph is
convez if all vertices of a directed path starting and ending in U belong to U, too.

Proposition 4.3. Let D(x) be the dependence graph with vertex set X of a trace x € M (T, T),
and let U be a subset of X. Define further subsets P, Q, and V of X as follows:

e P={pe X \U| there is path from p to some vertezx in U},

e Q={qe X \U/|there is path from some vertezx in U to q},

e V=X\(PuQul).

Then the induced subgraphs in D(x) of vertex sets U, P,Q,V define traces u,p,q,v € M (T, T)
such that (u,v) € I. Moreover, if U is convex, then we have x = puvq. Vice versa, if there is
a factorization x = yuz, then there there is partition X =Y uU U Z in disjoint conver subsets
such that the corresponding induced subgraphs are y, u, and z respectively.

Proof. The proof is a standard routine by induction on |X|; see e.g. [10, Prop. 1.2.8]. [

4.2. Ochmanski’s Characterization of Recognizable Trace Languages. A complete
deterministic automaton A such that L(A) € I'* over an independence (T',I) is called I-
diamond, if t - ab = t - ba whenever (a,b) € I and t is a state of A.26 The diamond property is
illustrated in the following picture.

—
If A is I-diamond, then M(T',I) acts on the right on the state space of A, and t-u is

well-defined for all states ¢ and traces u € M(I',I). Thus, we can view A as a complete
deterministic M (T, I)-automaton, and such automata accept recognizable trace languages.

2414 is not ‘mad’ to write M (A, D) instead of M(A,I) as v: M(A,D) - (A, D) is a graph morphism.
25Note that if z itself is a step, then 2 = miny () = max ().
26Recall that we write ¢ - a to denote the unique state reachable from ¢ via a path labeled a.
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In general, the families of rational and recognizable sets do not coincide for trace monoids.
Indeed, if (I',I) is a finite independence alphabet and a,b € I' with (a,b) € I, then

(ab)* ={a" V" |n e N} e Rat(M(T',I)) ~ Rec(M (T, I)).

The following characterization was obtained by Ochmanski [48, 49] in his PhD thesis;
its proof can also be found in [20, Chap. 4] and [10, Chap. 2]. Ochmarniski’s result relies on
his notion of the concurrent-star operator. He defined it for a trace language L ¢ M (T',I) as
the following submonoid of M (T, I'), where all generators are connected:

L ={xe M(T,I)|3ye M(T,I):xye L A(x,y) € [ Ax is connected}”.

Thus, for a,b e I' with (a,b) € I as above, we obtain (ab)®™" = {a,b}* € Rec(M (T, I)).
Note also that L* ¢ L™ holds for every L ¢ M(T',I).

Theorem 4.4 (Ochmaniski; 1984). The following assertions hold.

(1) The set Rec(M(T',1)) is the least family of subsets of M (T, I) which contains all finite
subsets and is closed under finite union, concatenation, and the concurrent-star operator.

(2) We have L € Rec(M(T',I)) if and only if there is a K € Reg(I'*) with K ¢ nfjex (M (T, I))
such that (K) = L.2" In other words, the canonical homomorphism 0 : T* — M(T',I)
induces a bijection between the reqular languages consisting solely of lexicographic normal
forms and the recognizable subsets of M (I, T).

In the terminology of [18], this characterization means that Rec(M(I',1)) coincides
with the family of normalized regular subsets of M (I, I).

4.3. Transposition and Conjugacy. As usual, we call elements y and z of an arbitrary
monoid M transposed if y = uv and z = vu for some u,v € M. The transposition relation is
reflexive and symmetric, but not transitive in general (as, for example, in the trace monoid
{a,b,c}*[{ab=0ba}). We denote by TO(x) the transposition orbit of x € M; that is, TO(x)
is the smallest subset of M containing x which is closed under transposition.

For every monoid M there is also a notion of conjugacy ~ defined by y ~ z if xy = zx for
some x € M. This relation is reflexive and transitive, but not symmetric in general.

For every group G, the transposition orbit TO(g) coincides with the conjugacy class
of g € G. In her thesis, Duboc [22, 23] showed the analogous statement for trace monoids.

Lemma 4.5 (Duboc; 1986). Let M(I',I) be a trace monoid. Then, for every x € M(T',I),
the transposition orbit TO(x) coincides with the conjugacy class of x € M(T',T).

4.4. Lexicographical Normal Forms. We conclude this section with the following lemma,
which is a key ingredient for obtaining our later results. It concerns the lexicographical
normal forms of trace monoids.

Lemma 4.6. Let (3,1) be an independence alphabet and ¥ be a (possibly infinite) linearly
ordered set and u,p,v € M(3,I). By nfiex : M(X,I) - X* we denote the lexicographical
normal form.2® Then for every n € N there is some N € N such that all w € nfjey (up*v) which
satisfy |w| > N also satisfy exp(w) >n. That is, nfie(up*v) is periodically perfect.

27Since nfiex (M (T, 1)) € Reg(I'*), this is equivalent to K = K’ N nfiex (M (T, I)) for some K’ ¢ Reg(I'*).
281t is well-defined since every trace x € M (X, I) uses finitely many letters only.
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Proof. The assertion is trivial for p = 1. Hence, we may assume that p # 1. As a consequence,
we have |up™v| > n for all n € N and, in particular, up*v is an infinite set in M(X,I). If ¥ is
finite, then we let I' = X. In the other case we define I" as the finite set I' = {a € X | [upv]|, > 1}.

By Pref(x) and Suf(z), we denote the sets of all prefixes and suffixes of a trace z € I'*,
respectively. Our proof also uses the notion of transposition orbit (Section 4.3); and it
utilizes an I-diamond finite deterministic I'*-automaton A (Section 4.2) constructed as
follows. The set of states is Q = Suf(u) x TO(p) x Suf(v), with (u,p,v) € @ being initial,
and all states being final. For a € ', the transitions at (r,q, s) € Q are given as follows.

e If r = ar’, then there is a transition (r,q, s) N (r',q,s).
e If g =aq’ and (a,r) € I, then there is a transition (7, ¢, s) N (r,qd'a,s).
o If s = as’ and (a,rq) € I, then there is a transition (r,q,s) — (r,q,s).

By adding an additional non-final state L and appropriate transitions to it, we obtain a
complete finite deterministic automaton A. Moreover, this automaton is /-diamond, as can
easily be checked by examining the different types of transitions. This means that we can
view A as an M (T, I)-automaton and, thus, L(.A) is a recognizable language of M (T, I).

Next, we want to determine the language accepted by A. Denote by L(r,q,s) the
language accepted at the state (7, ¢q,s) € Q. Then w € L(r,q, s) if and only if w € Pref(rq¢/“ls).
The proof of this fact can be sketched as follows: First, note that w € Pref (rq‘w|s) if and only
if w e Pref(rqi*lq’s) for any ¢’ € M with alph(q’) € alph(q). Indeed, all the letters appearing
in ¢’ have some Hasse arc into the last ¢ and thus w is too short too access any of them.
Conversely, any letter of s that is accessible by w must be independent from ¢ and thus also
from ¢'. Using this fact, and a simple induction on |w|, the proof now again boils down to a
straight-forward case distinction corresponding to the three different types of transitions.

The characterization of L(.A) now establishes the connection to nfjey (up*v): for each n €
N the prefix of length n of nfje(up™v) is in the language =1 (L(u,p,v)) = 0~ (L(A)) cT'*.
Moreover, the prefix itself is in normal form and thus contained in nfje (L(A)). Since
the automaton A is I-diamond and nfie, (M (T, I)) is regular, we can employ the product
automaton construction to obtain another trim deterministic automaton A accepting the
language L(A) = 071 (L(A)) nnfiee (M) = nfi(L(A)) € T*. In particular, any path in A
is labeled by a lexicographical normal form, as infixes of lexicographical normal forms are
themselves in lexicographical normal form. To complete our proof, it suffices to show that
the language L(.A) is periodically perfect.

By Theorem 3.6, we must show that for every state z € Q of A, there is at most one
simple cycle starting at z. We denote by (a(z),7(2),8(2)) € Q the projection of the set of
states of A onto the set of states of A. We are only interested in 7(z), since a(z) and (%)
must remain constant on any cycle by construction of A. Now consider the following diagram:
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Note that if ag = bg then x1 = y1 by determinism of A so, by following the paths until
they diverge, we may assume that a = ag < bg. Inductively, we will show that (a,b;) € I and
that 7(y;) = ab;v; for some v; € I'*. This is certainly true for 7(z): since we have outgoing
transitions labeled a and by, both of them must be minimal elements of 7(z) = abyvy and, in
particular, independent from one another. Next, let 7(y;) = abjv;. Then 7(y;41) = av;b; by
construction of A, and the outgoing label b;11 must be a minimal element of w(y;+1). By the
inductive hypothesis, the word by---b;a is not in lexicographical normal form and, therefore,
we must have b1 # a. This yields (a,b;+1) € I as well as the desired factorization of 7(y;41).

Finally, looking at the diagram again, we identify a path labeled by---b,a in A. By the
previous considerations, this path is not in lexicographical normal form — a contradiction!
Hence, a pair of cycles as depicted in the above diagram cannot exist. L]

Remark 4.7. Before moving on, we remark that the automaton A constructed above does
not accept the entire set Pref(up*v) in general. This set need not even be recognizable, as
is the case for Pref((ab)*c) € M(T',I) where I' = {a,b,c} and I = {(a,b),(b,a)}; indeed, we
have 6~ (Pref((ab)*c)) = {a,b}* U {wc e {a,b}*c | |w|, = |w|} € T* and this is clearly not a
regular language. However, our automaton accepts L(A) = {a,b}* ¢ Pref((ab)*c) c M(T', )

and L(A) = a*b* ¢ T'*, and this is sufficient to establish Lemma 4.6. o
Example 4.8. Consider M = M(T',I) with ' = {a, b, ¢,d} and independence graph
b d

a

Now let u = b,v = c and p = abed. We thus have nfie, (up™v) = ab(bc)"cd(ad)™ ! for n > 1.
In particular, the set nfiex(up*v) is not regular. However, the automaton A looks as follows.

c

Here each state is labeled with the corresponding lexicographical normal forms and the
additional state 1 is ommited for clarity. It is not hard to see that L(A) = Pref(up*), but
already uv = bc ¢ L(A). Now the automaton A may look as follows.

start

Note that the automaton A is not unique, since it depends on the automaton for nfie, (M)
used in the product construction. However, in any case the automaton accepts the periodically
perfect language L(A) = (ad)* ub(bc)* U ab(be)*, where indeed ab(bc)* € nfjey (Pref(up™v)).
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5. GRAPH PRODUCTS

The notion of a graph product is a natural generalization of the concept of a trace monoid.

5.1. Local and Global Monoids. Let (J,I) be a finite independence alphabet, which
we view as an undirected graph. We think of the vertex set J as an index set, and of each
i €J as a color. The edge set I € J x J is given as an irreflexive and symmetric relation. We
associate with each color i € J a nontrivial monoid M;. We call each monoid in the family
{M; | i€ J} alocal monoid. Without restriction we assume that M; n M; = {1} for all i,j € J
with ¢ # 7. That is, local monoids share their neutral elements, but nothing else. Using this
convention an element x € M; \ {1} inherits the color x(z) =1 for all i € J. Having this (and
recalling that I € J x J is irreflexive), we define the associated global monoid as

M =GP {Mi|ieJ} = *iegMi/{zxy =yx|3(j,k) eI :x € Mjnye M} (5.1)
Here, *;c;M; is the usual free product of the monoids M;. We fix for each local monoid M;
an epimorphism m; : T} - M; such that 1 ¢ m;(T"). This is no restriction, as letters in 7;1(1)
can simply be removed. Using this, every letter a € I'; obtains a color x(a) =i € J.

The graph product M is generated by the disjoint union I' = U{T'; | i € J} and this
defines an epimorphism 7 : I'* — M. Note that the graph product GP(;{M; | i€ J} is
finitely generated if and only if every local monoid is finitely generated.?’

Let x e M. A trace representation of x is a factorization x = x1---x,, € M such that for
all 1 <4 <m there is some j € J with z; € M; ~ {1}. The notation ‘trace’ is used because
the order of factors z;x;.1 can be interchanged, if (X(mi), X(miﬂ)) € I. (This is formalized
in Definition 5.1.) A trace representation of x is called geodesic if m is minimal among all
trace representations of x. Using any geodesic trace representation x = x1---x,, we define
the length |z| = m and the color x(z) = {x(xx) e J| 1<k <m}.

Definition 5.1. Given the graph product M and the epimorphism 7 : I'* - M as above, we
define the (typically infinite) alphabets ¥; = M; ~ {1} for i e J and ¥ = U{%; | i € J} (which
is a disjoint union). Moreover, we extend the irreflexive symmetric relation I € J x J to

Ir ={(a,b) e x| (x((7(a)),x((b))) € I} and Iy = {(z,y) € Tx T | (x(2), x(2)) € I}.
In order to simplify the notation we simply write I for both, It as well as Ix.

This convention defines free partially commutative monoids M (I',I) and M (X, ), and
leads to various natural epimorphisms.

0
S, D S MEDEM and v T EMED LMD S (52)
The epimorphism 6 is induced by the inclusion of ' in M(I",I). The epimorphism v is
induced by 7, and the epimorphism ¢ is induced the identity on J. More precisely, by 27 we
mean the finite commutative monoid 27 = (27, u). Hence, if i1+, is a sequence of indices

in J, then we have ((i1--iy,) = {ix € J | 1 <k <m}. Observe that ¢ factorizes through the
canonical epimorphism of M (J,I) > N 7

Definition 5.2. Let u = x1---x,, € M(2, 1) be a trace where each x; is a letter in 3. Then
we say that u is reduced and that u is the reduced trace representation of ¥ (u) € M if for all
1 <i<j<m where z;x; appears as a factor in the trace u we have x(z;) # x(z;).

29This is also restated as a part of Proposition 5.8.
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Note that every x € M has a unique reduced trace representation u € M (X, I). Moreover,
if u=mxy-xy; e M(X,I) as above, then ¢ (u) =¥ (x1)--(zy) is a geodesic trace representa-
tion in the sense of the informal definition preceding Definition 5.1; hence, |¢(u)| = m.

5.2. Normal Forms. Suppose now, that every local monoid M; comes with both an
epimorphism 7; : I'Y - M; as above, and with a normal form nf; : M; - I';. Furthermore,
let us assume that J is equipped with a linear order <;. We let I' be the disjoint union
I=U{T;|ieJ} and 7 : " - M be the epimorphism as defined in Section 5.1. We add
another mostly harmless requirement:3° together with 1 ¢ 7(T"), we assume the following.

Convention 5.3. We have nf;(1) =1 for all 7 € J.

As in Section 5.1, we also associate with each letter a € T'; the color x(a) =i € J. This
induces a color x(w) €27 for all words w e I'*.

In order to define the normal form nfy; : M - I', let w = z1---a,, € M(3,1) be the
reduced trace representation of x = ¢(u) € M, where each z; is a letter in 3. Since u is
uniquely determined by x, mapping x ~ u defines a normal form nfy, : Ml - M (3, I). From
nfy;, we in turn obtain a normal form nfp : M - M (I',I) by replacing every letter x € 3;
(for all ¢ € J) in the trace nfy,(z) by its corresponding normal form nf;(a) e I'; ¢ M (T, I).
Thus, when have nfy,(z) = z1---x,, where each z; is a letter in X, then we obtain

nfp(m) = nfx(xl)(ml)---nfx(wn)(:cn) € M(F, I) (5.3)

We use the lexicographic normal nfie, : M (I, I) — I'* based on the linear order <; on J
to define the normal form nfy; = nfjex onfy : Ml = I'*. Since nfjex requires a linear order on I,
we arbitrarily choose a linear order <; on I'; for all ¢ € J and then combine these to a linear
order <r on I" by letting a <r b if either a € I';, beI';, and i <; j or if a,b e I'; and a <; b.
The normal form nfje, : M(T',I) - I'* depends only on the linear order <, since for each
i € J the letters in I'; are pairwise dependent.

Remark 5.4. There are several transfer properties from the local normal forms nf; : M; - I'}
to the global normal form nfy;. For example, suppose that each I'} comes with a partial
order <; such that nf;(z) <; u for all u € ;' (x) and = € M;. Then we can combine these,
using the linear order <; on J, to obtain a partial order < on I'* and a normal form nfy(z)
such that nfy(z) < u for all u e 77 (x) for all 2 € M.

A similar transfer property holds for geodesic local normal forms nf;, where |nf;(x)| < |u]
for all wem;*(z) cT'}. In this case, the global normal form nfy is also geodesic. o

Let us now turn to (perfectly) admissible normal forms in the sense of Definition 3.2.

Theorem 5.5. Let M = GP(; j){M;|ieJ} be a graph product where every local monoid M;
has an admissible pair (w;,nf;). Then the associated pair (w,nfy) for M is admissible.
Moreover, if all pairs (m;,nf;) are perfectly admissible, then so is the pair (mw,nfyy).

Proof. Let u,p,v € M. According to Section 4.1, we may assume that u,p,v are given by
reduced traces in M (X, ) with |p| > 1. We represent the traces u,p,v € M(X, 1) by their
Hasse diagrams where, as before, labeled vertices are called positions. Since each such
position ¢ has a label A\(¢q) € 3, we can define its color by x(q) = x(A(q)).

30For a reference see [1].
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If the trace p? € M(X, ) is not reduced, then there is a Hasse arc s — 7 in pos(p?)
where s € max(p) is a maximal position and r € min(p) is a minimal position (in the second
factor p). Letting a = A(s) and b= A(r), we have a,b e M; N\ {1} where i = x(a) = x(b).

Let g € M(X,I) be the reduced trace defined by the positions in pos(p) \ {r,s}. Thus,
we have |g| < |p| — 1. There are two cases to consider. We begin with the case that r =s. In
this case, we must have a = b and (a,q) € I, since r = s € min(p) N max(p). We divide this
case into two subcases, according to whether or not the submonoid generated by a is finite.

o If |a*| < oo, then there are t,n € N with n > 1 such that a’ = a’*™. We can then write

up*v=uvuU---Uup v uuplgtv U uupt g .

Since ¢ has fewer letters than p, we can assume by induction that all sets nfy(up'™*q*v)

with 0 < k < n are periodically nice (resp. periodically perfect). Since uv u---uup'v is
finite, this also holds for nfy(uv U--- U up'tv). As a finite union of such sets, nfy(up*v)
is periodically nice (resp. periodically perfect) so that we are done in this case.

e If |a*| = oo, then the reduced representation of up™v has some position with label xa™y € M;,
where the x,y € M; each emerge from a potential reduction with a single maximal position
in u and minimal position in v, respectively. Thus, v = v’z and v = yv’. By assumption,
the set nf;(za*y) is periodically nice (resp. periodically perfect). Since g uses fewer letters
than p, we can assume by induction that the same holds for nfy(u’q*v"). Also note that,
by construction of the normal form nfyg, each word w = nfy(up™v) = nfy(ua™q™v) can be
factored as w = wjwows where wy = nf;(xa"y) and wyws = nfy(u'q™v"). It is now easy to
see, that nfy(up*v) is indeed periodically nice (resp. periodically perfect).

Thus, we are left to consider the case r # s. Let ab = ¢ in M;. Then we can write p = agb
with ¢ # 1. Again, we are done by induction, since up*v = ua(qc)*bv and |gc| < |p|.

In the remainder of the proof, we may assume that p? and hence p" are reduced traces
for all n € N. Then let ' be the reduced trace representation of upl“*! and v’ be the
reduced trace representation of pl’*'v. Therefore nfy,(u/p™v’) = u'p™v’ is a reduced trace
representation in M (X, T) for all n € N. Hence, by Lemma 4.6, the set nfje, (u'p*v’) € ¥* is
periodically perfect.3! Moreover, it is contained in a finitely generated submonoid A* ¢ ¥*,
so that the image p(nflex(u'p*v")) = nfy(u'p*v’) € T* under the homomorphism ¢ : ¥* - T'*
defined by a ~ nf;(a) for all a € ¥; remains periodically perfect in I'*. (Indeed, the restriction
of ¢ to A* increases the length of every word by at most a constant factor and, since ¢
maps nontrivial words to nontrivial words, ¢ cannot decrease the exponent of periodicity.)

The above argument shows that nfy(up*v) € T'* is periodically perfect, for it is the
union of a finite set and the periodically perfect set p(nfiex(u'p*v")) € T*. O]

The following corollary is the first step in our transfer results about infinite exponents
of periodicity for solution sets of quadratic equations from free groups to RAAGs.

Corollary 5.6. Let (X,1) be an independence alphabet where X2 has an involution. Further,
let G = G(X,1) be the associated free partially commutative group as defined in Equation (4.2).
Then each short-lex normal form nfye, : G - X* of G is perfectly admissible.

31Here, we use the lexicographical normal form nfiex : M (X, 1) - X* defined using any linear order <y
on Y. compatible with <; in the sense that x(a) <s x(b) implies a <s b for all a,b € X.
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5.3. Liftable Properties. Throughout this section P denotes a property of finitely gener-
ated monoids, and by £ be a class of (necessarily finitely generated) monoids where P holds.
The monoids in £ are now the local monoids. A graph product over finitely many monoids
from L is therefore called global. Thus, every local monoid is global, but not the other way
round. A property which holds for all global monoids (wrt. £) is called a global property. In
the following we collect some transfer results from local to global properties. More formally:

Definition 5.7. A property P of finitely generated monoids which holds for all local monoids
in £ is called liftable to graph products (wrt. L), if P also holds in every graph product
M = GP(;){M;|ie J} where J is finite and we have M; € £ for all i € J.

We also simply say that P is liftable.>® A liftable property P is called faithfully liftable
if P is a property which is is stable under taking finitely generated submonoids.*

The following proposition is well-known. For every property discussed therein, the proof
is straightforward and, therefore, omitted.

Proposition 5.8. The following properties are faithfully liftable to graph products.

(1) Being a trace monoid.
(2) Being a group.

(3) Being finitely generated.
(4)

4) Having a decidable word problem.>*

Of course, many properties are not liftable; for example, the property to be finite. The
following theorem generalizes the result on torsion freeness for graph products of groups,
which was obtained by Green in her PhD thesis [28, Thm. 3.26]. We show that torsion
freeness is faithfully liftable to graph products over arbitrary monoids.

Theorem 5.9. Let L be the class of all torsion-free monoids and M = GP;n{M; |ie J}
be a graph product where all monoids M; are torsion free. Then M is torsion free.

More precisely, let y € M; if y* is finite, then TO(y) contains some z = z1-+-z, with
(2i,25) €I for all i # j where each z; generates a finite submonoid z; < My, for some k; € J.

Proof. Start by choosing some element z in the transposition orbit TO(y) such that z is of
minimal length in TO(y). In particular, the submonoid z* is finite too, since z and y are
related by a finite sequence of transpositions. We now show that z has the desired form.
If z = 2’2" decomposes nontrivially into the product of two independent elements (2, 2") € I,
then we proceed by induction: both 2z’ and 2" are of minimal length in TO(z") and TO(z")
respectively; thus, they both possess a factorization of the desired form and we can recombine
those to obtain one for z. The base case is |z| < 1, for which our claim is trivially satisfied.

Therefore, interpreting z € M(3,1) as a reduced trace, we assume by contradiction
that z is connected and that |z| > 1. Let X = pos(z) be the set of positions in its dependence
graph.?> Naturally, for z* to be finite, a reduction must occur within some power z". This
always happens between a minimal position r € min(z) and a maximal position s € max(z)
of two subsequent occurrences of z in 2", such that both A(r), A(s) € M; for some i € J.
Since z is connected and |z| > 2, these positions must be distinct: we have r # s and a

32If we do not specify the class £ explicitly, then we mean the class of all monoids where P holds.
33Lif‘cability is a remote analogue to the Hasse principle in number theory.

34For us, the decidability of the word problem is defined for f.g. monoids, only.

35Remember, pos(z) is the labeled vertex set of D(z).
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factorization z = A(r)vA(s). This, however, implies 2z’ = vA(r)A(s) € TO(z) with |2/| <|z|, in
contraction to how z was chosen in the first place. []

For our main result involving exponents of periodicity we also need to discuss the finite
square roots property in graph products. First of all, this property is not liftable. To see this,
simply note that the free product G = Z/2Z  Z/2Z (which is isomorphic to the semidirect
product Z x Z/27) has infinitely elements of order two; that is, |%/1| = oo in G. Therefore we
need a slightly stronger assumption on our local monoids in order to find a liftable property.

Theorem 5.10. Let L be the class of f.g. monoids having the finite square roots property and,
additionally, the property that /1= {1} holds for all M € L. Let M = GPyr{M;|ieJ} be
a f.g. graph product such that each M; belongs to L. Then these properties also hold in M.
Thus, the conjunction of both properties is liftable.

Proof. Let w,z € M(3,I) be reduced traces such that ¥ (z) € 3/ (w). Define X = pos(x)
to be the set of positions in its dependence graph, and < be the induced partial order which
is defined, as above, by the reflexive transitive closure of the arc relation in the dependence
graph. We will first describe the reduction process of 22 to w. To this end, we consider two
sets Y, Z ¢ X defining a prefix y and a suffix z of x, respectively, such that ¢ (yz) = ¥ (w).
We start with Y = X = Z, which implies X =Y uZ and Y nZ # @.

If there now exist p € max(Y') with label A(p) = @ and ¢ € min(Z) with label A(q) = b
such that ab = 1, then we proceed with Y’ =Y \ {p} and Z' = Z ~ {¢}. Note, that necessarily
p # ¢, since p = ¢ implies @ = b and thus we would have a? = 1, which is excluded by
assumption. Thus, we still have X =Y’ u Z’. Moreover, the construction implies ¢ < p and,
since x is reduced, the existence of a position r € X such that ¢ <r <p. Thus, Y'nZ' + @.

Thus, after at most |z|/2 repetitions this procedure terminates with sets Y,Z ¢ X
satisfying X =Y uZ and Y n Z # @, such that no more suitable p €e max(Y') and ¢ € min(Z2)
exist. The corresponding prefix y and suffix z of z still satisfy ¢(yz) = ¥ (w). Moreover,
the product yz is almost reduced: every label of a non-maximal position in Y is the label
of a position of w and the same holds for every non-minimal position in Z. On the other
hand, some p € max(Y’) may combine with some ¢ € min(Z) to form a position r € pos(w),
yielding the equation A(p)A(q) = A(r). By construction, if p # ¢, then both p € Z \ min(Z)
and ¢ € Y v~ max(Y') as well; that is, their labels are already determined by the labels of the
corresponding positions in pos(w). The remaining case is thus p = ¢. By assumption on
the local monoids M;, this only leaves finitely many choices for the label, as it is a solution
of A(p)? = X(r). Moreover, the number of positions of = is bounded by the number of
positions of w. That ¢(2?) =1 is impossible unless x = 1 follows by the same argument. []

As a direct consequence of Theorem 5.9 and Theorem 5.10 we obtain the following.

Corollary 5.11. The property given by the conjunction of being torsion free and also having
the finite square roots property is liftable to graph products.

6. QUADRATIC EQUATIONS

As an application of the previous sections, we present a result on the solution sets of quadratic
equations over groups with certain properties. Suppose we are given a group G, and let
X = X*UX" be a set of variables with a free involution X ~ X! exchanging the elements
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of X* and X~. We denote by F(X) the free group with basis X", and by G[X] = G » F(X)
the corresponding free product. The set of variables X’ is then viewed as a subset of F'(X).

An element W e G[X] is called an equation over G, and a finite subset S ¢ G[X] is
called a (finite) system of equations over G. By |S|x = Yyes [W|x we denote for X € X' the
number of occurrences of X € X in the reduced words representing the equations W € S.
The system S is called quadratic provided that |S|x +|S|x-1 <2 for every X € X.

A solution of such a system is given by a homomorphism o : G[X'] - G with o|¢ =idg
and o(W) =1 for every equation W € S. Sometimes it can be useful to additionally constrain
the values of o(X) for each X € X' to some subset Lx € G, where Ly-1 = (Lx)™!. We call
such a family L = (Lx)xex of subsets a recognizable constraint if each Lx € Rec(G), and we
say that a solution o satisfies this constraint if o(X) € Lx for all X € X. Equivalently, such
a constraint can be given in the form of a homomorphism p: G — H onto a finite group H
and subsets pux € H, where Ly = ' (pux). Accordingly, a solution of (S, ) is a solution o
of the system of equations & which satisfies pu(o (X)) € ux for all X € X.

Finally, we define the (full) solution set of a system of equations with recognizable
constraints (S, 1) as the set of all possible images of variables under solutions, that is,

Sol(S, u) = {o(X) | o is a solution of (S,u) and X € X'} ¢ G.

The following theorem is our main result about infinite solution sets of quadratic systems of
equations over groups and the exponent of periodicity.

Theorem 6.1. Let G be a finitely generated torsion-free group with the finite square roots
property, and nf : G - I'" an admissible normal form. Then, for every finite quadratic
system of equations with recognizable constraints (S, ), its solution set satisfies

|Sol(S, )| = oo if and only if exp(nf(Sol(S,u))) = co.

Proof. Let us call (S,u) nice if |Sol(S,u)| < oo or exp(nf(Sol(S,u))) = oo; that is, if
nf(Sol(S, u)) is a periodically nice subset of I'*. Thus, our goal is to prove that every
quadratic system of equations with recognizable constraints is nice.

If G is finite, then the assertion is trivial. Therefore, we assume that G is infinite
and, hence, whenever we consider an epimorphism p: G — H onto a finite group H, then
| (h)| = oo for all h e H. Let (S, 1) be a system of quadratic equations with recognizable
constraints where, without restriction, every W € S is a cyclically reduced word in G[X].

Without loss of generality, we also assume that [Sol(S, u)| = oo. Note that, whenever we
write Sol(S, i) as a finite union S; U---U S, then at least one of the S; is infinite and it
suffices to prove that exp(nf(S;)) = oo for one such S;. Hence, it suffices to consider the case
of recognizable constraints p: G - H where the set ux € H is a singleton for each X € X.
Given this, we can extend p to a homomorphism p: G[X'] - H and then a solution o of S
is a solution of (S, ) if and only if u(o(X)) = u(X) for all X € X.

Let us also note that, for each variable X € X, the set Ly = u1(X) n G is a rational
subset of G (since Rec(G) ¢ Rat(G) as G is finitely generated). Hence, nf(Lx) ¢ I'* is
periodically nice by Lemma 3.8. In particular, exp(nf(Lx)) = oo as [nf(Lx)| = oo.

Let us now fix some solution og of (S, ). Our goal is to construct further solutions oy,
satisfying exp(nf(o,(X))) >n for some X € X. We consider the following seven cases.

(1) Some variable does not occur, that is, we have |S|x +|S|x-1 = 0 for some variable X € X'*.
In this case we can freely change the value 0¢(X) to any other value x € Lx. Thus, we
obtain a solution o, of (S, ) with the desired properties by simply setting o, (X) =z
for some z € Lx with exp(nf(z)) >n and 0,(Y) =00(Y) for all Y e X" with ¥ # X.
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(2) Some variable occurs in separate equations, that is, |U|x +|U|x-1 = |V|x +|V|x-1 = 1 for
some variable X € X" and distinct U,V € S. Inverting and conjugating these equations
if necessary, we can write U = U’X and V = X1V’ for some U’, V' e G[X ~ {X, X71}].
Replacing U and V by the single equation W = U’V’ then allows us to eliminate X from
the system of equations. In this way, we obtain a new system (S, ) containing fewer
variables. Moreover, there is a one-to-one correspondence between solutions o’ of (S’, )
and solutions o of (S, u) via o(X) =¢'(U"). Thus, (S, ) is nice if and only if the new
system (S’ i) is so, and we can assume this to be the case by induction on |X].

(3) There is an independent equation, meaning that, for some U € S and all X € X*, it holds
that |U|x +|U|x-1 > 1 implies [V|x +|V|x-1 =0 for all V € S with U # V. In this case, we
can split (S, ) into two systems (S, u) and (S”,p) with 8’ ={U} and §" =S\ {U},
where (S8', 1) is a system over the variables occurring (positively or negatively) in U
and the second system, (8", i), is a system over the remaining variables. By induction
on |X|, we may once again assume that (S’, ) and (S”, u) are nice. Due to the obvious
correspondence between solutions of (S, i) and pairs of solutions of (S’, 1) and (S”, ),
we have Sol(S, ) = Sol(S’, 1) uSol(S”, ). Hence, (S, ) is also nice.

By these first three cases, we may now assume that our system consists of a single
quadratic equation W and that each variable X € X occurs at least once in W.

(4) Some variable occurs only once, that is, we have |W/|x + |W|x-1 = 1 for some X € X.
Similar to case (2), we may remove the variable X and the (only remaining) equation W
from the system, leaving us with the empty system of equations (&, i) over X~ {X, X1},
Thus, Sol(S, i) contains Sol(@, 1) = U{Ly | Y € X~ {X, X !}} and, in particular, we
therefore have exp(nf(Sol(S,u))) > exp(nf(Ly)) = co using some Y € X \ {X, X71}.3

(5) Some variable occurs both positively and negatively, meaning that [W|x = [W|x-1 =1
for some X € X*. Thus, up to conjugation, W = XUX 1V with U,V e G[X ~ {X, X 1}].
If 0o(U) =1, then we choose an element x € Ly satisfying exp(nf(z)) > n and obtain a
solution o, by defining 0,(X) =z and 0,(Y) =0¢(Y) for all Y e X" with Y + X.

In case 0g(U) # 1, let k > 1 be the order of 4(U) in the finite group H and consider the
automorphism 7 : G[X] » G[X] defined by 7(X) = XU¥, leaving all Y € X* with YV # X
and G invariant. By construction, 7(W) = W and p7 = p so that precomposition with 7
maps solutions of (S, i) to solutions of (S, ). For the solution oy = oo, we obtain
the image on(X) = 00(X)oo(U)Y € G, which is different for distinct values of N as G
is torsion free and o((U) # 1. Hence, exp(nf(Sol(S,u))) > exp(nf(oo(X)oo(U)*)) = co.

(6) There are two variables that each occur twice with the same exponent, meaning that we
have |W|x = |[Wly =2 for distinct X,Y € X. Upon applying an automorphism defined
by Z + Z7! for some or both Z € {X,Y} if necessary, we may assume that X,Y e X'*.
Up to conjugation, there are two possibilities for the equation:

W=XUYViXWVYVsor W=XUYVYVoXV3
where U, Vi, Ve, V3 € G[X ~ {X, X 1Y, Y"!}]. The automorphism 7 : G[X] - G[X]
defined by 7(X) = X(UY) ! yields |r(W)|y = |7(W)|y-1 = 1 in either case. Consider the
system (S’ p") with 8’ = {7(W)} and p’ given by p/(X) = p(XUY) and p/'(Z2) = u(2)
for all Z € X* with Z # X. By the preceding case, (S, ') is nice and, more specifically,

it admits solutions o), with exp(nf(o,,(Y))) > n for all n € N. But then we are done,
since the mapping o, = 0],7 is a solution of (S, u) with 0,(Y") = o, (Y).

36At least one such variable Y exists, for otherwise Sol(S, u) would be finite.
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(7) There is only one variable and it occurs twice with the same exponent, that is, W = XuXv
with X = {X, X~} and u, v € G after a suitable conjugation. In this case, every solution o
of (S, p) is determined by its image x = 0(X) € G, which must of course satisfy zuzv =1
or, equivalently, (zu)? = v™!u. Since G has the finite square roots property, we deduce
that there are only finitely many solutions of (S, ), contrary to our assumption.

As the above list of cases is exhaustive, this concludes the proof. []

Corollary 6.2. Let G = GP(J’I){G,- |ieJ} be a finitely generated graph product of groups,
where each G; has a normal form nf; : G; - I';, and suppose that the following hold.

(1) For every g € G; the set 3/g={heG;|h*=g} is finite.

(2) For all u,p,v € G; with p+ 1 we have exp(nf;(up*v)) = oo.

Let nfg : G - I'" be the associated normal form as constructed in Section 5.2 (for graph
products of monoids). Then, for every quadratic system (S, ) of equations with recognizable
constraints over G, either the full solution set Sol(S, i) is finite or exp(nfg(Sol(S,u))) = co.

Proof. Ttem (2) implies that every nontrivial cyclic subgroup of a local group G; is infinite.
In other words, each G; is torsion free. Since the local groups also have the finite square
roots property, we see that G is both torsion free and has the finite square roots property
by Corollary 5.11. The associated normal form nfg is admissible by Theorem 5.5. []

It remains to show there are interesting torsion-free groups GG which can be written as a
graph product GP(;5){G;|i€ J} so that we can apply Corollary 6.2. This is done in the
next section. Our first example is, not surprisingly, the family of RAAGs.?"

7. APPLICATIONS OF COROLLARY 6.2

7.1. Free Partially Commutative Groups. Our first application covers the finitely
generated torsion-free free partially commutative groups; that is, the family of RAAGs (aka.
graph groups). In this case, each local group is the infinite cyclic group Z (with its usual set
of monoid generators and its usual normal form). Corollary 6.2 yields the following.3®

Corollary 7.1. Let G = G(I',I) be a finitely generated free partially commutative group,
and let (S, 1) be a quadratic system of equations over G with recognizable constraints. Then
either Sol(S, ) is finite or exp(nfgex(Sol(S, 1)) = oo for every short-lex normal form nfgey.

7.2. Baumslag-Solitar Groups. The Baumslag-Solitar groups constitute one of the most
prominent families of groups and they have been widely studied. For any pair of integers (p, q)
with 1 < p <|q|, the Baumslag-Solitar group BS(p, q) is defined as the one-relator group

BS(p,q) = {a,t | taPt™ = a?). (7.1)

From this presentation, it is apparent that BS(p,q) is an HNN extension of Z with
respect to the unique isomorphism pZ — ¢Z mapping p to gq. As with all HNN extensions of
a torsion-free group, the Baumslag-Solitar groups are torsion free.

37Encore et encore un RAAG, cet obscur objet du désir comme ’avait dit Luis Bufiuel (1900 — 1983)
38Remarkably7 it is open whether the corresponding assertion for trace monoids holds.
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We let T' = {a,a7},t,t7!} and 7 : T'* — BS(p,¢) the canonical epimorphism which is
induced by the inclusion I' € BS(p, ¢). In this setting there exists a string-rewriting system
(aka. semi-Thue system) S ¢ T x T for BS(p, ¢) given by the following rules.3’

a*rt  — a"ta"?  for ke Z~ {0},0<r <|qg;
a?Pritt o grt ek for ke Z N {0},0<r < |p|;
et - 1.

The system S is terminating and confluent, and as usual, the system S thereby defines a
normal form, which we denote by nfg, such that nfg(BS(p,q)) is the set of words where
no rule of S can be applied. There is another important rewriting system B ¢ I" x I' called
Britton reduction. It is given by the rules

ta*Pt! - @k for ke Z;
t™tak1t - af? for ke Z.

The system B is not convergent, but it allows us to speak of cyclically Britton reduced
words — that is words whose transpositions are all Britton reduced. Moreover, it is not hard
to see that every B-rule can be realized by a sequence of S-rules and, in particular, any
normal form with regard to S is Britton reduced. In general, every Britton reduced word w
may be written as

w=a" a2t
with g; € {£1}. The sequence ts(w) = (¢1,...,&n) is then called the t-sequence of w and it
can be shown that the ¢-sequences for w and nfg(w) coincide.

Proposition 7.2. Let BS(p,q) be a Baumslag-Solitar group and u,w,v € BS(p,q) with
w # 1. Then we have exp(nfg(uw*v)) = co. In other words, the normal form nfg is perfectly
admissible.

Proof. First note, that the normal form of x € BS(p, q) can be uniquely written as
nfg(z) = a2 g e ()

with B(z) € Z and such that ¢; = -1 implies 0 < r; < p, and ¢; = 1 implies 0 < 7; < |g|. Having
this, we can also define a(x) by

a(z) = nfg(z)a?@

The definition of a and [ is motivated by the following observation: Given elements w,v € I'*
such that the product uv is Britton reduced, we observe the following relationship.

nfs(uv) = a(u) nfg(a’®v) (7.2)

We start with the situation where nfg(u) nfg(w)” nfg(v) € I'* is Britton reduced for every n €
N. Thus, the previous observation applies. Letting kg = 5(u) and ki1 = B(a¥w) for 0 <i < n,
we inductively obtain

Baknv)

kn—l

nf g(uw™) = a(u)a(a®w)a(d w)--a(a*1w)a(a*v)a

Thus, if the sequence numbers k; becomes periodic, so does the sequence of words a(akiw)
and we obtain the desired claim. Otherwise, we must have lim,,_, |kp| = 00. In particular,
this also implies lim, o |(a*"v)| = co and hence the claim follows again.

39For the notation and results about string rewriting system we refer to the textbook [3]. A terminating
and confluent rewriting system is also called convergent.
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We still have to deal with the case that nfg(u) nfg(w)™ nfg(v) € I'* is not Britton reduced.
In this case we proceed as follows. First, we find some conjugate @ € BS(p, ¢) of w = 2~ "z
such that nfg(w) is cyclically Britton reduced; then, in particular, nfg(w)" is cyclically
Britton reduced for all n € N. We also set @ = uz™' and ¥ = zv and thus vw*v = 40* 0.
Finally, by choosing ng € N sufficiently large, we obtain @’ = 4w™ and 9’ = W™ v such that
both nfg(a") nfg(w) and nfg(w)nfg(v’") are Britton reduced.

We thus find that nfg(a’) nfg(w)" nfg(0") is Britton reduced thus the claim holds for
the language nfg(@'w*?") by the previous considerations. Now, the set nfg(uw*v) is the
union of this language with a finite set (which depends on ng), so we are done. L]

Remark 7.3. A similar proof strategy can be employed to proof an analogous statement
for arbitrary graphs of groups, which admit a similarly constructed normal forms. However,
we need a very strong assumption on the normal forms nf, of the vertex groups G,: The
set nf,(G,) must be periodically perfect for every vertex v € V. As expected, this is the case
for the usual normal form of the infinite cyclic group Z. o

We are therefore only left to deal with the finite square roots property.

Theorem 7.4. Let BS(p,q) be the Baumslag-Solitar group with 1 <p <|q|. Then BS(p,q)
has the finite square roots property if and only if the following two assertions hold:

(1) The sum of the parameters is nonzero: we have p+q # 0.

(2) FEither p=1 or p and q are odd (or both).

Moreover, if the finite square roots property holds, then square roots are unique and, in
particular, /1= {1}.

Proof. We make a case distinction according to the parameters 1 < p < |q|. We start with

three cases where BS(p, ¢) has the finite square roots property.

(1) We have p =1 and ¢ # —1. In this case, BS(1,¢) is isomorphic to the semi-direct
product Z[1/q] x4 Z where the group action of Z on Z[1/q] is given by a(z) = ¢*z.
Thus, we have (x,k)? = (y,m) if and only if k = m/2 and z + ¢*z = y. Since 1+ ¢~ 0,
we get a unique solution z = y/(1+¢*) € Q, and therefore at most one solution in Z[1/q].

(2) We have p =q and p is odd. In this case, there are well-defined epimorphisms

©:BS(p,p) = Z*ZL[pZ=(t)+(b) : t =t,a>b :BS(p,p) >Z:t~0,a~1

Of course, these induce a canonical morphism ¢ : BS(p,p) - G, with ¢ and v as its
components, into G = (Z * Z/pZ) x Z. Now, both Z and Z/pZ have the finite square
roots property. Since p is odd, we find also that /0 = {0} in Z/pZ. Thus, the graph
product G has the finite square roots property by Theorem 5.10. Moreover it is easy
to see that they are in fact unique. Consequently, we are done if we can show that ¢ is
injective. To this end, let w € BS(p,p) with ¢«(w) =1 and determine its normal form

nfg(w) = a1 gk e2. g o g s +p2

for some n e Nwithe; € {1} and 0 < k; <pfor 1 <i<n+1aswell as z € Z. Now p(w) =1
implies n = 0 and thus ¥ (w) = ky41 + pz. Finally, ¥ (w) = 0 implies k41 =0 and z =0
and thus nfg(w) =1 and w = 1.

(3) We have p # |¢| and both parameters are odd. Let w € BS(p, q); since conjugated
elements have the same number of square roots, we may assume that nfg(w) e I'* is a
cyclically Britton reduced word. Now let x € ¢/w be given as a Britton-reduced word.
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We claim that x is cyclically Britton-reduced as well. To see this, we write z € ['* as an
alternating product

k2. k

T = akoxlaklmga Tpa ™

where each word z; € I'* is Britton reduced of the form

T = 8 i1 gEi g ki s g€ g Fing 4
with n; > 0 and ¢; +¢;,1 = 0 for 1 < ¢ < n. Thus, we decompose x into blocks z;,
whose t-sequence alternate between +(1,...,1).

Suppose that some reduction occurs in the product z2. Then it must apply at the
boundary factor t*»a*»**0¢¥1 In particular, we have €1 # €, and thus n > 2 is even.
Moreover, letting p_1 = p and p; = ¢, we must have p, | k, +ko. Now, suppose zpafr oy,
reduces to some Britton reduced word u € I'* with nonempty ¢-sequence ts(u). Then

22 = akoxl akr.. “Tp-1 akr=1ya® mgak2 - -xnak”

would not be cyclically Britton reduced. But then nfg(z?) = nfg(w) would not be
cyclically Britton reduced either; a contradiction. Thus u = a"* for some 1 € p_.,Z = p., Z.
Moreover, with the same argument, further Britton reductions must be applicable to
the newly created boundary tn-1a*n-1*71+%0¢2  This again implies Dey | kn-1+71 + k1
and, by the construction of r; € p.,Z already pe, | kn-1 + k1.

Continuing this way, we thus get necessary conditions pe,,, | kn—; + k; for 0 <i < n.
Now observe what happens for [ = n/2: We must have p., , | k,—; + k; = 2k;. Since p.,,,
is odd by assumption, this implies p., , | k;. But then the Britton reduced word = would
have a factor t1a*¢°+1; a contradiction. Hence, z must be cyclically Britton reduced.

We may thus assume that nfg(x) € I'* is cyclically Britton reduced. Reusing the
notation of the proof of Proposition 7.2, we can now write

nfg(x) = a(x)aﬁ(x) — Q"2 g P ()

and we obtain nfg(w) = nfg(2?) = a(x) nfg(a®@z). In particular, the word u = o(x) is
a uniquely determined prefix of nfg(w) and thus a(y) = u for every y € ¥w. Moreover,
from nfg(a’®y) = nf5(a?@ ) we obtain the equation

AP PO Z By B _ F@) 0P @)

in BS(p,¢). With k = 8(y) — 8(x) this is equivalent to the equation a*u = ua™. Now
letting ts(u) = (e1,...,6m) and s = p/q, we get the condition
—k =552k = sPk with E =1 + -

and thus k = 0, since [s| # 1 by assumption. Of course, this means 3(y) = f(x) and

finally |¥/w| <1 for all w e BS(p,q).

Additionally, observe that the proofs immediately yield the uniqueness of square roots.
Therefore, we are left with two remaining cases and, for each of them, we construct an
element g € BS(p, ¢) such that | 2/g| = co.

(4) The parameters satisfy 1 < p and ¢ = —-p. For n € N consider the normal form

T = taP™. Then 22 = ta™ta™ = t* and hence we obtain |v/#2| = co.

(5) We have 1 < p < |¢| such that the product pq is even. We consider the case 1 < p € 2N,
only. The case 1 < |g| € 2N follows along the same lines. For p = 2r we define u = at™'at.
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Then x, = u"a"u™" is Britton reduced since 1 < r < p < |g|]. Clearly 22 = a?, and a
straight-forward induction shows for all n € N the following equation.
22 =u"at ata’t o e e = W at  a%ta T T = waPuT" = 22 = aP

Since every x,, is Britton reduced but x,, and x,, have distinct t-sequences for m # n,

the elements x,,, and ,, represent different elements in BS(p, ¢) for m # n. Since 22 = a?
for all n € N we obtain |V/aP| = .
As the above list of cases is exhaustive, this concludes the proof of the theorem. []

7.3. Strongly Polycyclic and Nilpotent Groups. A group G is strongly polycyclic if it
possesses a subnormal series with infinite cyclic quotients. In more detail, this means that
there exist 1 = Gy 4 Gy 4+ 4Gy, = G such that G;/G;—1 2 Z for all 1 <i <n. Such groups
are finitely generated, solvable, and torsion free.

Choosing elements g; € G; for all 1 <i < n such that g; generates G;/G;_1, we obtain
a finite generating set I' = {g1,71,..-,9n,G,} With § = ¢"' in G and, in particular, an
epimorphism 7 : I'* - G. With respect to such a (strongly) polycyclic generating sequence
gi,---,9n € G, every g € G can then be uniquely written as a product

gzglfl'...-gﬁnWithk‘l,...,k:nez. (7.3)

Reading the expression on right-hand side of (7.3) as a (reduced) word over I' yields
a mapping nf : G —» I'*, which assigns to each g € G its polycylic normal form nf(g) e I'*.
Collectively, these normal forms constitute the regular language

nf(G)=(g19G7) - (9,9 7,) T
Lemma 7.5. The set of all polycyclic normal forms nf(G) is periodically perfect.

Proof. Using the above notation, every w € nf(G) has a factor g/" or g;" with m > |w|/n and,
therefore, we have that exp(w) — oo as |w| — oo.

It follows that any equation in G has infinitely many solutions if and only if it has
solutions with arbitrarily large exponent of periodicity with respect to the pair (7, nf).

In general, the set of square roots 2/g = {h € G; | h* = g} need not be finite for an
element g of a strongly polycyclic group. For example the Baumslag-Solitar group BS(1,-1)
is strongly polycyclic (it is the semi-direct product Z x Z where the outer copy of Z acts by
negation) and does not have the finite square roots property by Theorem 7.4. However, for
an important class of strongly polycyclic groups, an even stronger property is known to hold:

Proposition 7.6. Let G be a finitely generated torsion-free nilpotent group. Then:
(1) The group G is strongly polycyclic.
(2) The group G has unique roots, meaning that g" = h™ for g,h € G and n # 0 implies g = h.

Proof. The first item follows from the center Z(G) being a finitely generated [39, 1.2.16]
torsion-free Abelian group (hence, strongly polycyclic), and the quotient G/Z(G) being a
finitely generated torsion-free [39, 2.3.9] nilpotent group of smaller nilpotency class.

The second item follows from a similar induction: If g" = k", then gh™! € Z(G) by
induction and, thus, (gh™)™ = ¢g"h™" = 1. Since G is torsion free, this shows g = h. (]
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Nevertheless, by a result of Roman’kov [53, Cor. 3.2], it is in general undecidable for a
torsion-free nilpotent group of nilpotent of class two and higher whether an input word in a
generating set represents a commutator in the group. Since ‘being a commutator’ is clearly
expressible as a quadratic equation, the satisfiability of such is also undecidable.

Remark 7.7. As a final remark in this subsection let us note that the class of strongly
polycyclic groups with unique roots is strictly larger than the class of finitely generated
torsion-free nilpotent groups. To see this, consider the semi-direct product (Z x Z) x Z where
the outer group Z acts on Z x Z via multiplication with the matrix (21). o

7.4. Hyperbolic Groups. Finally, let us consider another important class of finitely
generated groups: the hyperbolic groups in the sense of Gromov [29]. Ol’shanskii [50] has
shown that almost every group is hyperbolic in the few relator model for random groups.*®

Roughly speaking, a hyperbolic group is a finitely generated group which, when viewed
as a metric space with respect to the word metric, is negatively curved at large scales. More
precisely, G is hyperbolic if there is some constant § and a finite generating set T'=I'"! ¢ G
such that every geodesic triangle in the corresponding Cayley graph is d-thin. For precise
definitions, we refer to Bridson and Haefliger’s book [4].

Free groups are hyperbolic, but Z™ for n > 2 is not. In fact, a hyperbolic group
cannot contain any Baumslag-Solitar group as a subgroup. This is a consequence of the
following standard result on element centralizers in hyperbolic groups, which we state here for
torsion-free hyperbolic groups only; for the general statement, we refer to [4, Pro. IIL.T".3.9].

Lemma 7.8. Let G be a torsion-free hyperbolic group. For every g € G with g # 1, the
centralizer Cg(g) is a quasi-convexr subgroup of G and quasi-isometrically isomorphic to Z.

An immediate consequence of Lemma 7.8 is the following well-known fact, which can
also be proved by a reduction to free groups using so-called canonical representatives.

Lemma 7.9. FEvery torsion-free hyperbolic group has unique roots.

It follows from [27] and [31] that hyperbolic groups are biautomatic with respect to
the full language of geodesics. If, as in our situation, one requires unique representatives
of group elements, a canonical choice is to then use short-lex normal forms instead. The
following proposition shows that these normal forms are indeed well-behaved.

Proposition 7.10. Let G be a torsion-free hyperbolic group with generating set T =T71 ¢ G,
and let nfr : G - ' be the associated short-lex normal forms. Then the following hold.
(1) The set of all normal forms nfr(G) € T'* is a regular language.
(2) The normal forms nfr are admissible in the sense of Definition 3.2.
Proof. For the first item see, [31]. For the second item, let u,p,v € G with p # 1. We need to
show that exp(nfp(up*v)) = co. To this extent, let us consider the set

L = {nfp(u)(nfr(p))" nfp(v) | n e N} cT'*.
Clearly, L c T'* is a regular language. Moreover, by Lemma 7.8 and biautomaticity, each of
the words nfr(u)(nfr(p))” nfr(v) € L is a (A, e)-quasi-geodesic representative of up™v e G

401y this model a random group is almost surely torsion free and centralizers are cyclic.
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for some constants A >0 and € > 0 independent of n. Using a recent result by Carvalho and
Silva [6, Thm. 3.8], this implies that the set of all geodesic representatives of the up™v,

L' ={weTl" |wis a geodesic and w(w) e m(L) = up*v} c T,

is a regular language. Hence, so is language nfr(up*v) = L' nnfp(G). Since this language is
infinite, the pumping lemma for regular languages implies that exp(nfr(up*v)) = oo. []
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